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Abstract
We introduce the general N = 1 gauge theory superconformally coupled to supergravity. The
theory has local SU(2, 2|1) symmetry and no dimensional parameters. The superconformal origin
of the Fayet–Iliopoulos (FI) terms is clarified. The phase of this theory with spontaneously broken
conformal symmetry gives various formulations of N = 1 supergravity interacting with matter,
depending on the choice of the R-symmetry fixing.
We have found that the locally superconformal theory is useful for describing the physics of the
early universe with a conformally flat FRW metric. Few applications of superconformal theory to
cosmology include the study of i) particle production after inflation, particularly the nonconformal
helicity-12 states of gravitino, ii) the super-Higgs effect in cosmology and the derivation of the
equations for the gravitino interacting with any number of chiral and vector multiplets in the
gravitational background with varying scalar fields, iii) the weak-coupling limit of supergravity
MP →∞ and gravitino–goldstino equivalence. This explains why gravitino production in the early
universe is not suppressed in the limit of weak gravitational coupling.
We discuss the possible existence of an unbroken phase of the superconformal theories, inter-
preted as a strong-coupling limit of supergravity MP → 0.
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‡ Onderzoeksdirecteur, FWO, Belgium
Contents
1 Introduction 2
2 Simple examples of local conformal symmetries supported by a conformon field 9
3 Local superconformal action of N = 1 gauge theories 13
3.1 Presentation of the superconformal action . . . . . . . . . . . . . . . . . . . 13
3.2 Gauge-fixing and Ka¨hler geometry . . . . . . . . . . . . . . . . . . . . . . . . 19
4 Gauge symmetries as isometries 22
4.1 Killing vectors and potentials . . . . . . . . . . . . . . . . . . . . . . . . . . 22
4.2 New mechanism for D-terms . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
5 Derivation of phenomenological Lagrangians 24
5.1 Ka¨hler structure and potential . . . . . . . . . . . . . . . . . . . . . . . . . . 24
5.2 Goldstino . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
5.3 Lagrangian and U(1) gauge . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
5.4 Rescalings for a rigid limit . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
6 Equations for the gravitino 31
6.1 Simplified action . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
6.2 Field equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
6.3 Master gravitino field equation and its constraints . . . . . . . . . . . . . . . 33
7 The cosmological background 35
7.1 Assumptions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
7.2 Super-Higgs effect in cosmology . . . . . . . . . . . . . . . . . . . . . . . . . 36
7.3 Constraints in the unitary gauge υ = 0. . . . . . . . . . . . . . . . . . . . . . 38
7.4 Dynamical equations in the unitary gauge . . . . . . . . . . . . . . . . . . . 41
7.5 Higher-order equation for the longitudinal part of the gravitino . . . . . . . . 43
8 Gravitino–goldstino equivalence theorem at large MP 43
9 Gravitino equations with one and two chiral multiplets 45
9.1 One chiral multiplet . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
9.2 Two chiral multiplets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
9.3 The limit of large MP . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
9.4 One chiral multiplet in the limit of large MP . . . . . . . . . . . . . . . . . 50
9.5 Two chiral multiplets in the limit of large MP . . . . . . . . . . . . . . . . . 51
10 Towards the theory of the gravitino production in the early universe 54
10.1 Initial conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
10.2 Theories with one chiral multiplet . . . . . . . . . . . . . . . . . . . . . . . . 56
10.3 Theories with two chiral multiplets . . . . . . . . . . . . . . . . . . . . . . . 63
10.4 Other mechanisms of gravitino production . . . . . . . . . . . . . . . . . . . 66
1
11 Discussion 67
A Notation 69
B Conformal metric 70
C Ka¨hler geometry from the conformal formulation 71
D Calculation of µ 75
1 Introduction
Over the last few years M-theory and string theory have focused mainly on the supercon-
formal theories and adS/CFT (anti-de Sitter/conformal field theory) correspondence [1]. In
particular, IIB string theory on adS5×S5 is related to SU(2, 2|4) superconformal symmetry.
The relation between various anti-de Sitter compactifications of M-theory and string theory
and the relevant superconformal symmetries were described in detail in [2]. In particular,
one finds the SU(2, 2|1) superconformal algebra from the anti-de Sitter compactification of
the string theory with 1
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of the unbroken supersymmetry. These recent developments in
M-theory and non-perturbative string theory suggest that we should take a fresh look at the
superconformal formulation underlying the supergravity. One of the basic features of super-
conformal theory is that generically it treats the gravitational coupling M2P = κ
−2 as some
function of a set of scalars κ−2 ⇒ −1
3
N (X, X¯), just like in string theory the string coupling
is given by a dilaton field, g−2s = e
φ. In the superconformal action the term 1
6
N (X, X¯)R
replaces the standard Einstein term −1
2
M2PR of supergravity.
The function of scalars, N (X, X¯), codifies the Ka¨hler potential. When the theory is in a
Higgs phase, −1
3
N (X, X¯) = M2P + f(X, X¯) and the function f(X, X¯) can be gauged away
using local conformal symmetry: the superconformal symmetry is broken spontaneously and
supergravity with the dimensional parameter MP is recovered.
In addition to the state with the spontaneously broken superconformal symmetry, one
may also speculate about the unbroken phase of the superconformal theory where the function
N (X, X¯) has a vanishing vacuum expectation value and there are no dimensional parameters
in the theory. This phase of the superconformal theory can be considered as the strong-
coupling limit of supergravityM2P → 0. In such a limit the theory may be completely different
from classical supergravity, which represents the weak-coupling limit of the Higgs phase of
the superconformal theory. Even though we do not have a clear constructive approach to this
phase of the theory at the moment, we do have some distinct examples of the configurations,
analogous to cosmic strings, where at the core of the string N (X, X¯) = 0. We consider this
as an indication that the superconformal theory, in addition to the Higgs phase where it is
equivalent to supergravity, may have an unbroken phase related to the strong-coupling limit
of supergravity.
At present the low-energy phenomenology is described by N = 1, d = 4 supergravity
[3, 4, 5, 6]. Some preferable choices of the Ka¨hler potentials, superpotentials and Yang–
2
Mills couplings hopefully will be selected at the level of the fundamental theory. Until the
fundamental theory of all interactions is well understood, one may try to address the issues
of particle physics and cosmology in the context of the most general phenomenological N = 1
supergravity–Yang–Mills–matter theory [6]. This, in fact, has been the case over the last
almost 20 years. One can find the Lagrangian describing this theory in many textbooks and
review papers [7, 8, 9, 10, 11].
The phenomenological N = 1 supergravity–Yang–Mills–matter theory was derived in
[6, 12] using local SU(2, 2|1) superconformal symmetry only as a tool, within the framework
of [13, 14, 15]. The transition from the superconformal supergravity to the usual Poincare´
supergravity occurs after the conformal compensator field (which we will call the conformon)
becomes fixed. Until very recently, the opinion was that the only role of superconformal
theory is to provide the tensor calculus to derive supergravity, and that this theory has
no interesting physics in it. Therefore, the textbook description of the phenomenological
N = 1 supergravity–Yang–Mills–matter theory [8, 9, 10, 11], with the notable exception of
[7], practically skips the superconformal formulation of this theory.
N = 2 supergravity–Yang–Mills–matter theory with special geometry [16, 17, 18] was
constructed later than the N = 1 theory. This theory has been used extensively during
recent years, in particular with application to BPS black holes [19]. It is associated with
low-energy string theory compactified on Calabi–Yau manifolds, and instead of functions one
has to define sections of appropriate line bundles over the Ka¨hler manifold. This construction
has various advantages, in particular it treats all scalars in the superconformal version of
the theory on an equal footing. This means that there is no distinction between the physical
scalars and the conformal compensator scalar before gauge-fixing of conformal symmetry
is performed. All available formulations of N = 1 theory make a particular choice for
the compensator even before conformal symmetry is gauge-fixed [6, 12, 20]. We will find
that some features of N = 2 theory may be implemented into N = 1 theory, which may
eventually lead to a better understanding of this theory. In fact, only very recently the
power of superconformal pre-Poincare´ N = 2 supergravity was demonstrated in calculations
of quantum corrections to the supersymmetric black hole entropy [21].
The first purpose of this paper is to present a detailed derivation of SU(2, 2|1)-symmetric
superconformal theory. In previous derivations [6, 12], where it was only a tool, some part of
the SU(2, 2|1) symmetry was broken at an early stage. We will first present the action with
full superconformal symmetry before explicitly indicating how we gauge-fix the dilations,
R-symmetry and S-supersymmetry, leading to Poincare´ supergravity.
This formulation of the theory has several advantages. For example, it simultaneously
incorporates two different formulations of phenomenological supergravity depending on the
gauge-fixing of the R-symmetry. The first formulation, which is more standard, corresponds
to [6], where the Lagrangian depends not on two functions, the Ka¨hler potential K(z, z∗) and
the superpotential W (z), but only on one combination G(z, z∗) = −K(z, z∗) − ln |M−3P W |2
and has real fermion mass terms. The other one, closer to [9, 10], has a non-singular depen-
dence on the superpotential W , but complex fermion masses in general. It is important to
have both versions of the theory under control, especially in situations where the superpo-
tential W (z) may vanish, which often happens in cosmological applications.
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The new formulation will allow us to give a detailed explanation of the superconformal
origin of Fayet–Iliopoulos (FI) terms by including gauge transformations of the conformon
field as first suggested in [20].
In addition to providing a new perspective on the old problems of supergravity, the
superconformal formulation appears to be most suitable one for investigation of cosmology.
Indeed, the Friedmann–Robertson–Walker (FRW) universe is conformally flat. This means,
in particular, that the metric of an FRW universe can be transformed into the form ds2 =
a2(η)(dη2 − dx2), where η is conformal time, a(η) is the scale factor of the universe. If the
theory is conformally invariant, then the scale factor a(η) can be absorbed into a redefinition
of the metric and fields. These redefined fields do not depend on a(η), so the theory of
particles in an expanding curved universe reduces to a much simpler theory in a fixed flat
Minkowski space. This considerably simplifies the investigation of the behaviour of particles
and fields during the expansion of the universe. Ideally, one may perform the investigation
of all processes in the early universe within the framework of superconformal theory, where
expansion of the universe does not show up, and then one may switch to the standard
formulation with the fixed Planck mass at the very end of the calculations. This is a new
and very exciting possibility; it would be hard to anticipate this possibility by looking at
the lengthy and extremely complicated Lagrangian of phenomenological supergravity which
appears after the breaking of the superconformal invariance of the original theory.
In the beginning of our investigation we did not fully recognize this possibility. We
were working within the traditional framework of phenomenological supergravity, making
only occasional use of the underlying superconformal invariance. Therefore, we were quite
surprised when we realized that in order to obtain some of our results it was necessary to
make certain field redefinitions in phenomenological supergravity, which eventually brought
us back to the original superconformal formulation.
One of the problems that we were trying to address, was the issue of conformal invariance
of the gravitino and the possibility of non-thermal gravitino production in the early universe.
Many observable properties of the universe are to a large extent determined by the un-
derlying conformal properties of the fields. One may consider inflaton scalar field(s) φ which
drive inflation, inflaton fluctuations which generate cosmological metric fluctuations, grav-
itational waves generated during inflation, photons in the cosmic microwave background
(CMB) radiation which propagate (almost) freely from the last scattering surface, etc. If
the conformal properties of any of these fields were different, the universe would look quite
different too. For example, the theory of the usual massless electromagnetic field is confor-
mally invariant. This implies, in particular, that the strength of the magnetic field in the
universe decreases as a−2(η). As a result, all vector fields become exponentially small after
inflation. Meanwhile the theory of the inflaton field(s) should not be conformally invariant,
because otherwise these fields would rapidly disappear and inflation would never happen.
Superconformal supergravity is particularly suitable for studying the conformal properties
of various fields, because within this framework all fields initially are conformally covariant;
this invariance becomes spontaneously broken only when one uses the gauge −1
3
N (X, X¯) =
M2P .
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The issue of conformal invariance of the gravitino remained rather obscure for a long
time. One could argue that a massless gravitino should be conformally invariant. Once we
introduce the scalar field driving inflation, the gravitino acquires a massm3/2 = e
K/2|W |/M2P .
Thus, one could expect that conformal invariance of gravitino equations should be broken
only by the small gravitino mass m3/2, which is suppressed by the small gravitational cou-
pling constant M−2P . This is indeed the case for the gravitino component with helicity ±32 .
However, breaking of conformal invariance for the gravitino component with helicity ±1
2
,
which appears due to the super-Higgs effect, is much stronger. In the first approximation in
the weak gravitational coupling, it is related to the chiral fermion mass scale [22].
The difference between the two gravitino components becomes especially important when
one studies gravitino production after inflation. It is usually assumed that gravitinos have
mass m3/2 ∼ 102–103 GeV. Such particles decay very late, which leads to disasterous cos-
mological consequences unless the ratio of their number density n3/2 to the entropy density
s is extremely small. In particular, the ratio n3/2/s should be smaller than O(10
−15) for
gravitinos with mass O(100) GeV [23, 24].
The standard thermal mechanism of gravitino production involves scattering of particles
at high temperature in the early universe. To avoid excessive production of gravitinos one
must assume that the reheating temperature of the universe after inflation was smaller than
108–109 GeV [23, 24].
However, gravitinos can also be produced during the oscillations of the inflaton field at the
end of inflation. The theory of the production of the gravitino with helicity ±3
2
is relatively
straightforward, and the effect typically is not very large, because it appears mainly due
to the non-adiabatic change of the small gravitino mass during the scalar field oscillations
and the expansion of the universe [25, 26]. This effect disappears in the limit of the small
gravitational coupling, MP →∞.
One could expect that the same should happen for the gravitinos with helicity ±1
2
. How-
ever, we have found, in models with one chiral multiplet, that the gravitinos with helicity ±1
2
can be produced as abundantly as normal matter particles not belonging to the gravitational
multiplet, i.e. the rate of their production does not vanish in the limit MP →∞ [22].
More exactly, we have found that if one considers the underlying globally supersymmetric
theory with one chiral multiplet, then the chiral fermion χ has mass W,φφ =
∂2W
∂φ2
, where
φ = zMP . This mass oscillates during the oscillations of the scalar field φ, which would
lead to production of fermions χ in the globally supersymmetric theory. In supergravity,
these fermions enter the definition of goldstinos, which are eaten by gravitinos and give
rise to the gravitino component with helicity ±1
2
. This is the deep reason why, as we have
found, the probability of production of the helicity-1
2
gravitinos does not vanish in the limit
MP →∞ and coincides with the probability of the production of the chiral fermions χ (and,
correspondingly, of the goldstino production) in the underlying globally supersymmetric
theory [22]. This surprising result was confirmed in the paper by Giudice, Tkachev and
Riotto [27], and in subsequent papers by several other authors [28]–[33].
However, until now a complete supergravity treatment of the gravitino production was
achieved only for models with one chiral multiplet. Even in this case the theory of gravitino
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production was very complicated, and it was not quite clear how one could study the realistic
models with many chiral and vector multiplets.
One of the ideas was to use the gravitino–goldstino correspondence in the hope that the
leading effect can be found by the relatively simple investigation of production of goldstinos
in a globally supersymmetric theory, instead of a direct investigation of the gravitino pro-
duction. Indeed, this idea worked well for the case of one multiplet [22, 27, 31], but there
was no proof that the same method will apply in the general case as well.
Equations for the goldstino in the theory without vector multiplets but with any number
of chiral multiplets were derived in [30] within the framework of globally supersymmetric
theories, neglecting expansion of the universe. The hope was expressed that the gravitino–
goldstino equivalence theorem [34, 35] will justify such derivation as representing the equation
for the helicity ±1
2
of the gravitino in the limit of MP →∞ in supergravity.
However, the relevance of the equivalence theorem for scattering amplitudes in the high-
energy limit [34, 35] to the problem of gravitino production by the oscillating scalar field in a
cosmological background in the theory with many chiral and vector multiplets was not quite
obvious. In fact, one did not even have a clear picture of the super-Higgs effect in cosmology,
which was essential for the understanding of the goldstino–gravitino correspondence, and
it was rather non-trivial to give a precise definition of what we mean by the gravitino
interactions in the limit MP →∞.
As we will see, the concept of the goldstino in the background with time-dependent
metric and scalars, and the proper definition of the MP →∞ limit of supergravity is greatly
simplified in the context of the superconformal theory. It turned out that the original fields
of the superconformal theory rather than the fields used in phenomenological supergravity
are those which should be held fixed in this limit.
Therefore, after deriving two versions of standard supergravity, before starting with grav-
itino equations, we will perform specific modifications of the theory so that the basic fields
will again be those of superconformal theory. This includes, in particular, a number of
rescalings. All of them have one simple purpose: to use as basic variables the fields of the
underlying superconformal theory. This form of supergravity is suitable for considering the
limit in which gravity decouples and a globally supersymmetric theory appears.
These modifications of the usual supergravity will allow us to achieve the second purpose
of this paper: to generalize the super-Higgs effect for cosmology, and to derive the gravitino
field equations in the theory with any number of chiral and vector multiplets.
In Minkowski space, the supersymmetry breaking and super-Higgs effect occur only if
the gravitino has non-vanishing mass m3/2 = e
K/2|W |/M2P , because the generator of the
supersymmetry transformations is proportional to m23/2. This parameter depends on φ, so
it changes during the oscillations of the scalar field φ, and it may vanish at some stages of
the evolution of the universe. However, we will show that the criterion for supersymmetry
breaking and the existence of the super-Higgs effect in the post-inflationary universe with
the energy density provided by the scalar field is not m23/2 6= 0, but rather H2 +m23/2 6= 0.
1 This criterion is always satisfied, so that the super-Higgs effect will always take place in
1It is tempting to say that in the cosmological background, the gravitino may eat the goldstino even if it
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a universe with the energy density dominated by the scalar fields. This is an important
conclusion that will allow us to use the unitary gauge, in which the goldstino is eaten by the
gravitino throughout our calculations.
The system of equations for the gravitino in the theory with many chiral and vector
multiplets is rather complicated. However, they will be given in a form in which the limit
MP → ∞ can be taken straightforwardly. This will clarify the status of the gravitino–
goldstino equivalence theorem in the limit MP → ∞ and the relation of supergravity to
the globally supersymmetric theories. The difference with [34, 35] is that we will not be
working with the S-matrix elements in the flat background, but with classical equations for
bosons and fermions in the cosmological setting. We will therefore not compare the matrix
elements, but the form of the highly nonlinear field equations, relevant for the production
of particles in the early universe. This equivalence theorem will explain why the effect of
non-thermal production of gravitinos in the early universe, in general, is not suppressed by
the inverse powers of MP .
This theorem should be used with care since its results are easy to misinterpret. It
is very useful when the process of particle production occurs so fast that one can neglect
expansion of the universe. However, in the theories with many chiral and vector multiplets,
the definition of the goldstino gradually changes during the expansion of the universe. In
the beginning, the goldstino is associated with a certain combination of chiral fermions, the
superpartners of the scalar fields driving inflation (inflatino). In the end of the process,
the goldstino may be associated with a completely different combination of chiral fermions.
Therefore, one could argue that gravitino (inflatino) production in the very early universe
may be irrelevant for the calculation of the final number of gravitinos produced, because all
chiral fermions produced at the beginning of this process may not give any contribution to
the goldstino eaten by the gravitino at the end of the process [36].
This issue turns out to be rather complicated. The goldstino–gravitino correspondence
is a useful tool in regimes when the expansion of the universe can be neglected. However,
in order to describe the change between different definitions of the goldstino due to the
expansion of the universe one should go beyond the limitMP →∞, which may invalidate the
argument given above. In this case instead of using the equivalence theorem one should study
gravitino equations in the unitary gauge. As we will see, in the epoch where the definition
of goldstino changes because of the expansion of the universe, the number of gravitinos may
also change because they can mix with other fermions. A detailed investigation is necessary
in order to find out whether this leads to a depletion of the gravitinos produced at the first
stages of the process, or, vice versa, to their additional production due to the non-adiabaticity
related to the change of the nature of the goldstino.
In our paper we will develop the framework which can be used in order to address this
question, as well as other questions related to the gravitino production. We will derive equa-
tions for the gravitino in theories with an arbitrary number of chiral and vector multiplets,
and analyse some limiting cases where their solutions can be obtained.
is massless, m3/2 = 0. However, as we will see, the equation of motion for the gravitino with helicity ± 12 in
the cosmological background is more complicated than the standard equation for a particle with mass m3/2.
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The paper is organized as follows. In section 2 we give an example of the local conformally
symmetric theory and introduce the concept of the conformon field. We use this example, in
particular, to explain the conformal properties of the gravitino. We discuss the cosmic-string-
type configuration of superconformal theory. There is an infinite gravitational coupling at
the core of the string.
Section 3 presents the SU(2, 2|1) symmetric action of the Yang–Mills and chiral multiplets
superconformally coupled to supergravity. In section 3.1, the conformal and chiral weights
of all fields are organized in a table. The generic cosmic-string-type configurations with
vanishing N at the core are discussed. The superconformal origin of the Ka¨hler potential
and superpotential is explained and the S- and Q-supersymmetry transformations of all fields
are given. The auxiliary fields are eliminated on shell. We comment on the quantization in
the case of topologically non-trivial Ka¨hler manifolds. Section 3.2 explains the gauge-fixing
of superfluous symmetries which leads to supergravity. In particular, the conformon field is
gauge-fixed to give MP . Here, as well as in appendix C, the origin of the Ka¨hler geometry
is clarified.
Section 4 is about the Yang–Mills part of the theory, showing that any gauged isometry
can be obtained in the superconformal formulation by including transformations of the con-
formon multiplet. In section 4.1, Killing isometries, which act on all scalars of the theory,
including the conformon field, are given. The Killing potentials, which encode the isome-
tries, may include some constant parts related to the gauge symmetries of the conformon.
This provides the superconformal origin of the Fayet–Iliopoulos terms (D-terms). The new
mechanism of the generation of the FI terms is explained in section 4.2, and some examples
are given.
Section 5 shows the derivation of the phenomenological Lagrangian. First, in section 5.1,
the Ka¨hler structure and the superpotential are derived from the superconformal structures.
Section 5.2 gives a first discussion of the goldstino, which is still natural to do in the su-
perconformal context. Section 5.3 presents the full phenomenological Lagrangian, where
the R-symmetry of the local SU(2, 2|1) is still not gauge-fixed. The two possibilities of the
gauge-fixing of this remaining U(1) symmetry are explained in this section: either the Ka¨hler
symmetric gauge, or that which is non-singular when the superpotential is vanishing. Thus
it is easy to obtain both theories from one action in (5.15). Finally, in section 5.4, we perform
various rescalings of the fields of the theory in view of a rigid limit, which bring us back to
the original fields from which the superconformal theory was build and which will be used
in the rest of the paper.
Section 6 is dedicated to the gravitino. In section 6.1, the relevant part of the action is
given which shows clearly the mixing between the gravitino, chiral fermions and gaugino.
Field equations without specifying a gauge-fixing for local supersymmetry are derived in
section 6.2. Section 6.3 offers a master gravitino field equation and the constraints. We
discuss the choice of the unitary gauge where the goldstino vanishes in the case of the non-
constant gravitational and scalar backgrounds.
In section 7 we develop our formalism in application to cosmology. We first specify the
assumptions related to cosmology in section 7.1. Section 7.2 describes the super-Higgs effect
in cosmology with time-dependent scalars and a conformally flat time-dependent metric. In
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section 7.3 the important constraints for the gravitino are given in the unitary gauge, where
the goldstino vanishes. The system of equations for the gravitino interacting with other
fermionic fields of the theory, chiral fermions as well as gauginos, is derived in section 7.4. In
section 7.5 we give a useful second-order form of the equation for the helicity-±1
2
gravitino
interacting with other fermions.
Section 8 presents the goldstino–gravitino equivalence theorem explaining why the effect
of the helicity-±1
2
gravitino is not suppressed in the limit of large MP .
In section 9 we consider the cases with one or two multiplets, and make a number of
simplifications. Some parts of this section consider only real scalar fields. In other parts the
limit of these equations at large MP is taken.
Section 10 is devoted to gravitino production after inflation. We give an overview of
the previous investigation of the theories with one chiral multiplet, and then discuss various
issues related to gravitino production in realistic models with several multiplets.
In the discussion section we give a short overview of the results.
Appendix A presents the notation, including a clarification of the rules of complex con-
jugation. The consequences of a conformal metric are reviewed in appendix B. Appendix C
gives the steps needed to go from a conformal form of the action to the Ka¨hler geometry. It is
formulated such that it applies more generally than for N = 1 theories. It also discusses the
relation with Sasakian manifolds, and at the end gives the connection between the conformal
chiral-covariant derivatives and Ka¨hler-covariant derivatives. Appendix D gives a detailed
calculation of the quantity µ, which appears in the solution of the gravitino equations, in
the case of one chiral multiplet.
A short account of some of our results has been given in [22].
2 Simple examples of local conformal symmetries sup-
ported by a conformon field
The action for general Yang–Mills–matter–supergravity theories with N = 1 local supersym-
metry was derived in [6] starting from the superconformal symmetry. The superconformal
symmetry was used mainly as a technical tool for the derivation of the Poincare´ supergrav-
ity with smaller symmetry [15]. It appears now that the superconformal form of the action
(before the gauge-fixing of extra symmetries is performed) provides a natural framework
within which to address the issue of the conformal properties of the gravitino. For our
present purpose it is important to look at the gauge-fixing of the local dilatational symme-
try. The mechanism can be explained using a simple example: an arbitrary gauge theory
with Yang–Mills fields Wµ coupled to fermions λ and gravity:
Sconf =
∫
d4x
√
g
(
1
2
(∂µφ) (∂νφ) g
µν − 1
12
φ2R− 1
4
TrFµνg
µρgνσFρσ − 12 λ¯ 6Dλ
)
. (2.1)
The field φ is referred to as a conformal compensator. The last two terms in the action
represent super-Yang–Mills theory coupled to gravity. The action is conformal invariant
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under the following local transformations:
g′µν = e
−2σ(x)gµν , φ′ = eσ(x)φ , W ′µ = Wµ , λ
′ = e
3
2
σ(x)λ . (2.2)
The gauge symmetry (2.2) with one local gauge parameter can be gauge-fixed. If we
choose the φ =
√
6MP gauge
2, the φ-terms in (2.1) reduce to the Einstein action, which is
no longer conformally invariant:
Sconfgauge-fixed ∼
∫
d4x
√
g
(
−1
2
M2PR− 14FµνgµρgνσFρσ + 12 λ¯ 6Dλ
)
. (2.3)
Here MP ≡ MPlanck/
√
8π ∼ 2× 1018 GeV. In this action, the transformation (2.2) no longer
leaves the Einstein action invariant. The R-term transforms with derivatives of σ(x), which
in the action (2.1) were compensated by the kinetic term of the compensator field. However,
the actions of the Yang–Mills sector of the theory, i.e. spin-1
2
and spin-1 fields interacting
with gravity, remain conformal invariant. Only the conformal properties of the gravitons are
affected by the removal of the compensator field.
Now consider a supersymmetric version of this mechanism.
We will give the action with local superconformal symmetry associated with the gauging
of the SU(2, 2|1) algebra [13]. These include: i) general coordinate symmetry, local Lorentz
symmetry, local Q-supersymmetry; and ii) chiral U(1) symmetry, local dilatations, special
conformal symmetry and S-supersymmetry. The second group are local symmetries of the
superconformal group which are not part of the super-Poincare´ algebra, and are gauge-fixed.
This leads to the final form of the action of Poincare´ supergravity in equations (4.16)–(4.20)
of [6], which has only symmetries of the first group: i) general coordinate symmetry, local
Lorentz symmetry and local Q-supersymmetry.
Consider first the example of one chiral multiplet conformally coupled to supergravity.
This multiplet will play the role of a conformal compensator. The superconformal multiplet
has gauge fields corresponding to each symmetry in SU(2, 2|1). However, some of these
gauge fields are dependent, in the same sense that the spin connection, the gauge field
of Lorentz rotations, is dependent on the metric. Moreover, we can immediately gauge-
fix special conformal transformations by eliminating the gauge field of dilatations, and S-
supersymmetry by removing the spinor field of the chiral multiplet. Therefore, the remaining
action still has super-Poincare´, as well as local dilatations and chiral U(1) symmetry. The
action invariant under these symmetries is (omitting terms quartic in fermion fields)
Sgrav =
∫
d4x
{√
g(Dµφ) (Dνφ∗) gµν − 16 |φ|2
[√
gR +
√
gψ¯µR
µ + ∂µ
(√
gψ¯ · γψµ
)]}
, (2.4)
where Dµφ = ∂µφ+
i
3
Aµφ, and Aµ is the gauge field for the chiral U(1) symmetry. Further-
more,
Rµ = e−1εµνρσγ5γνDρψσ = γµρσDρψσ , (2.5)
2Note that one has to take a scalar field with ghost-like sign for the kinetic term to obtain the correct
kinetic term for the graviton. This does not lead to any problems since this field disappears after the
gauge-fixing φ =
√
6MP .
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where the gravitational covariant derivative includes the spin connection, chiral U(1) field
and Christoffels3
Dµψν =
(
(∂µ +
1
4
ωmnµ γmn +
1
2
iγ5Aµ)δ
λ
ν − Γλµν
)
ψλ . (2.6)
Note that in the curl D[µψν] the term with Christoffels drops. Considering just the local
dilatations, the first two terms in (2.4) combine to an invariant, as well as the last two
terms.
This local dilatation with parameter σ(x) and chiral symmetry with parameter Λ(x) can
be represented by transformations
g′µν = e
−2σ(x)gµν , φ′ = e
σ(x)−1
3
iΛ(x)φ ,
ψ′µ = e
− 1
2
[σ(x)+iγ5Λ(x)]ψµ , A
′
µ = Aµ + ∂µΛ(x) . (2.7)
One can gauge-fix the local dilatation and chiral U(1) symmetry by choosing
φ = φ∗ =
√
3MP . (2.8)
As soon as the compensator field φ(x) is fixed to give us the normal gravity and super-
gravity theory, the conformal transformations of the gravitino, as well as of the metric, no
longer form a symmetry. Under conformal rescaling of the gravitino, the action will have
non-invariant terms. The overall scaling does not match, and there are terms depending on
derivatives of the scaling function due to the absence of the last term of (2.4), which is now
a total derivative. Changing the conformal weight of the gravitino, these variations with ∂σ
still remain.
One could try to maintain the conformal invariance by absorbing φ in ψµ as ψ˜µ = φψµ,
which gives ψ˜ conformal weight +1
2
, rather than −1
2
in (2.7). The action, which is still
conformal invariant, is (we do break the chiral invariance by taking φ as real)
− 1
6
∫
d4x
[√
g
¯˜
ψµR˜
µ − 2 (∂µ lnφ)
(√
g
¯˜
ψ · γψ˜µ
)]
. (2.9)
At first sight, one may think that the kinetic term of the gravitino is conformal invariant by
giving it conformal weight 1
2
, as is the case for ψ˜. Indeed, the first term does not depend
on φ, and thus it is not affected by the breaking of the conformal invariance by the gauge-
fixing (2.8). However, only the sum of the two terms in (2.9) is a conformal invariant, and
this formula thus indicates where the conformal invariance is broken. Clearly, there will
be the usual source of the deviation from conformal symmetry via mass terms, which will
appear through spontaneous breaking of supersymmetry. In this respect, the gravitino is
not different from any other field. However, here we see that even in the absence of mass
terms there are new features.
The gravitino field equation that follows from the superconformal action is
R˜µ − γµψ˜ν∂ν lnφ+ γ · ψ˜∂µ lnφ = 0 . (2.10)
3With this definition one has Dρeaµ = 0.
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In the FRW cosmological problems only time derivatives of the scalar fields are important,
therefore in ψ˜ν∂ν lnφ only the term ψ˜
0∂0 lnφ is relevant. After gauge-fixing, the conformal
symmetry will be broken for configurations for which either
γ · ψ 6= 0 or ψ0 6= 0 . (2.11)
Only such terms will be sensitive to the absence of the terms ∂0 lnφ due to gauge-fixing when
φφ∗ = 3M2P . The gravitino in the general theory with spontaneously broken supersymmetry
will be massive. The states of a free massive spin-3
2
particle were studied by Auvil and Brehm
in [37] (see also [24] for a nice review). A free massive gravitino has γ ·ψ = 0. Helicity-±3/2
states are given by transverse space components of the gravitino, ψTi . Helicity-±12 states
are given by the time component of the gravitino field, ψ0. In the cases when the gravitino
interacts with gravity and other fields, we will find that γ · ψ 6= 0 and will be related to ψ0.
Thus the consideration of superconformal symmetry leads us to a conclusion that helicity-
±1
2
states of the gravitino are not conformally coupled to the metric. When these states are
absent, the ±3
2
helicity states are conformally coupled (up to the mass terms, as usual). Thus
the conformal properties of the gravitino are simple, as is known for scalars: if the action
has an additional term 1
12
φ2R, the massless scalars are conformal. If this term is absent,
the scalars are not conformal. Note that both of these statements are derivable from the
superconformal action (2.4). We will see the confirmation of this prediction in the solutions
of the gravitino equations in section 6.
Thus we explained here a simple reason why the gravitino is not conformal. From this
consideration one concludes: the linearized equation of motion for the gravitino interacting
with all other fields of supergravity in an FRW conformally flat metric will not decouple
from the scale factor of the metric, as happens for the graviton and contrary to the case of
the massless Dirac and Yang–Mills (YM) fields.
Before going further and considering the total supergravity Lagrangian containing other
matter fields, we would like to make a comment. In this section we assumed that the classical
background field φ(x) does not vanish. Only in this case can one gauge-fix the local dilatation
and chiral U(1) symmetry in such a way as to make this field constant, φ = φ∗ =
√
3MP ,
and recover the standard Poincare´ supergravity.
Whereas the assumption φ(x) 6= 0 is quite legitimate, and we are going to use it through-
out the paper, one may also contemplate the existence of another phase of the original
superconformal theory, where φ(x) = 0, which corresponds to the strong-coupling limit
κ2 =M−2P →∞. In such a phase, the superconformal symmetry will be unbroken, unlike in
the ‘Higgs phase’ φ = φ∗ =
√
3MP .
The existence of such a phase may not be very unnatural. Indeed, let us write the field φ
as 1√
2
(φ1+iφ2). There is no obvious reason to assume that the complex vector (φ1, φ2) must
have the same direction everywhere in the whole universe prior to the gauge-fixing, which
aligns the field φ and makes it real, φ = φ∗ =
√
3MP .
Consider, for example, a cosmic-string-type configuration φ ∼ |φ(x)|einθ, where φ(x) 6= 0
at a large distance from the z-axis. Then for topological reasons the field φ must vanish on
some string(s) stretched along the z-axis. The vector field is equal to Aµ =
3i
2|φ|2 (φ
∗∂µφ− φ ∂µφ∗).
Therefore, the asymptotic value of the vector field for the string configuration is given by
12
Aµ = 3i∂µ ln
φ
|φ| . It looks like a ‘pure gauge’, but it cannot be gauged away by a regular
gauge transformation for n 6= 0. The choice of the unitary gauge φ = φ∗ = √3MP is possible
everywhere except on the string(s) containing quantized magnetic flux, just like the usual
cosmic strings described in [38]. Indeed, if we integrate around the closed path encircling the
string configuration, we find that it contains quantized magnetic flux [F ] =
∮
A · dl = 6πn.
In this paper we will not give a detailed discussion of the possible existence of cosmic
strings associated with supergravity (see, however, the next section). Even if such strings
are present in the early universe, the distance between them should become exponentially
large because of inflation. Thus one may assume that one has φ 6= 0 in the observable
part of the universe, which allows us to use the gauge φ = φ∗ =
√
3MP and recover usual
supergravity from the superconformal one. Still the possibility of having two different phases
of superconformal supergravity and the issue of topological defects in this theory deserves
separate investigation.
3 Local superconformal action of N = 1 gauge theories
We will now present the full action for n + 1 chiral multiplets and some number of Yang–
Mills vector multiplets superconformally coupled to supergravity4. This action with super-
Poincare´ symmetry was derived first in [6]. Conformal methods were helpful for its con-
struction, but the conformal symmetry was broken rather soon; it was only used as a tool,
as an intermediate step in formulating N = 1 supergravity. Soon thereafter, it was shown
in [12] that several steps of the construction could be simplified by taking cleverer gauge
choices. However, also in that work the conformal invariance was broken at an early stage,
which we want to avoid. Several improvements followed, especially concerning the structure
of the Ka¨hler manifold, i.e. its global structure and isometries [39, 40]. A singular limit,
independence of auxiliary fields and Fayet–Iliopoulos terms were treated in [20]. Although
all of these developments were based on a superconformal approach, the conformal action
has not yet been written, which is the first purpose of this section. Another basic difference
with the work [4, 6, 12] is that we treat all n + 1 chiral multiplets (a conformon and the
physical chiral multiplets) on an equal footing. In this way, our description of the structure
of the N = 1 theory will be close to that used for N = 2 supergravity where one has special
geometry [16, 17, 18].
3.1 Presentation of the superconformal action
The fields in the theory are5
eaµ ψµL Aµ XI ΩI hI W
α
µ λ
α
L D
α
w −1 −1
2
0 1 3
2
2 0 3
2
2
c 0 −1
2
0 −1
3
1
6
2
3
0 −1
2
0
(3.1)
4It was shown in [20] that other matter multiplet representations or other sets of auxiliary fields do not
lead to different theories from those obtained with chiral multiplets and corresponding auxiliary fields.
5For a review on the methods used here, see [41].
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The first part contains the independent fields of the Weyl multiplet, vielbeins eaµ, gravitino ψµ
and U(1) gauge field Aµ, which gauge SU(2, 2|1), together with the gauge field of dilatation
which is absent in the action due to the special conformal symmetry6, and composite fields.
All fields in the table transform under a local dilatation symmetry with a dilatation weight
w, and local chiral symmetry with a chiral weight c:
Φ′ = ewσ(x)+icΛ(x)Φ . (3.2)
An exception to this rule is the gauge field of chiral symmetry, Aµ, which thus transforms
as δAµ = ∂µΛ. The diagonal transformation rule (3.2) is obtained on the fermion fields after
defining their left and right components λL and λR (see appendix A). These chiral fermions
have opposite chiral weights.
For the fermion fields of the chiral multiplets, we can indicate the chirality by the position
of the index I. The components ΩI are the left-handed ones, while Ω
I are right-handed.
Similarly for the bosons in these multiplets we use the notation XI ≡ (XI)∗ and hI ≡ (hI)∗.
The latter are the last components of these multiplets, which will play the role of auxiliary
fields, and whose real and imaginary parts are often denoted as F and G. The index I takes
values I = 0, 1, . . . , n. One of the chiral multiplets, the conformon multiplet, will be used
for the gauge-fixing of local dilatation, chiral symmetry and special supersymmetry as in the
cases we studied above.
The vectors W αµ are gauge fields for an arbitrary gauge group, with gauge group index
α. The gaugino λα and auxiliary scalars Dα are in the adjoint of this group. The chiral
multiplets may transform under this gauge group as will be shown below.
Observe, that in this conformal set-up we have chosen to take for all physical scalars the
Weyl weight w = 1. Originally [6, 12], the scalars were taken to be of Weyl weight w = 0,
except for the conformon scalar, which was taken to be w = 1. This is a matter of choice, and
one can go from one formulation to the other by field redefinitions. However, to be as close
to a conformal invariant action as possible, the Weyl weight w = 1 (and correspondingly
w = 3
2
for the spin-1
2
fields) is the most natural choice.
The SU(2, 2|1)-invariant Lagrangian of N = 1 supergravity coupled to n+ 1 chiral mul-
tiplets and Yang–Mills vector multiplets superconformally has no dimensional parameters.
It consists of 3 parts, each of which is conformally invariant separately:
L = [N (X,X∗)]D + [W(X)]F +
[
fαβ(X)λ¯
α
Lλ
β
L
]
F
(3.3)
It thus depends on 3 functions which should transform in a homogeneous way under dilata-
tions and chiral transformations:
N (X,X∗) W(X) fαβ
w 2 3 0
c 0 −1 0
(3.4)
6All fields in (3.1) are invariant under the special conformal symmetry, once one considers general coor-
dinate transformations as an independent symmetry. The fact that it acts on the gauge field of dilatations
bµ as δbµ = e
a
µΛKa then implies the absence of bµ from an invariant action.
The function N (X,X∗) will be related to the Ka¨hler potential. The holomorphic function
W(X) encodes the superpotential. The holomorphic function fαβ(X) encodes the kinetic
terms for the vector multiplet fields. Derivatives of these functions will be indicated by, for
example, NI for a derivative with respect to XI , or f Iαβ for a derivative with respect to XI .
The homogeneity which follows from (3.4) implies relations
N = XINI = XIN I = XIN IJXJ , NI = XJN J I ,
XJN JI = 0 , XIN IJK = NJK , XKN IKJ = 0 . (3.5)
The latter relation will be especially important, see appendix C. This way of working was
developed first for N = 2 supergravity [16]. In N = 2 the function N is, furthermore,
restricted to the real part of a holomorphic function.
The full action is
[N ]De−1 = 16N (X,X∗)
[
R + ψ¯µR
µ + e−1∂µ(eψ¯ · γψµ) + LSG,torsion
]
− NIJ(X,X∗)
[
(DµXI)(DµXJ) + Ω¯J 6DΩI + Ω¯I 6DΩJ − hJhI
]
+
{
−NJ IKΩ¯IΩKhJ +NKIJΩ¯I( 6DXJ)ΩK
+ NJIψ¯µL( 6DXJ)γµΩI − 23N IΩ¯IγµνDˆµψνL − 18e−1εµνρσψ¯µγνψρN IDσXI
+ 1
2
N IkαI(−iDα + ψ¯L · γλαR)− 2NIJkαJ λ¯αRΩI + h.c.
}
+ NJI
(
1
8
e−1εµνρσψ¯µγνψρΩ¯JγσΩI − ψ¯µΩJ ψ¯µΩI
)
+N IJKLΩ¯IΩJ Ω¯KΩL
[W]F e−1 =WIhI −WIJΩ¯IΩJ +WIψ¯R · γΩI + 12Wψ¯µRγµνψνR + h.c.
[
fαβλ¯
α
Lλ
β
L
]
F
e−1 =
Re fαβ(X)
[
−1
4
F αµνF
µν β − 1
2
λ¯α 6Dˆλβ + 1
2
DαDβ + 1
8
ψ¯µγ
νρ
(
F ανρ + Fˆ
α
νρ
)
γµλβ
]
+ i1
4
Im fαβF
α
µνF˜
µν β + i1
4
(Dµ Im fαβ) λ¯αγ5γµλβ
+
{
1
2
f Iαβ(X)
[
Ω¯I
(
−1
2
γµνFˆ−αµν + iD
α
)
λβL − 12
(
hI + ψ¯R · γΩI
)
λ¯αLλ
β
L
]
+1
4
f IJαβΩ¯IΩJ λ¯
α
Lλ
β
L + h.c.
}
(3.6)
where
Dµ = ∂µ − icAµ −W αµ δα + 14ωµab(e)γab ,
Dˆµ = ∂µ − icAµ −W αµ δα + 14 ωˆµab(e, ψ)γab ,
ωˆµ
ab(e, ψ) = ωµ
ab(e) + 1
4
(
2ψ¯µγ
[aψb] + ψ¯aγµψ
b
)
,
Fˆ αµν = F
α
µν + ψ¯[µγν]λ
α , F αµν = 2∂[µW
α
ν] +W
β
µW
γ
ν f
α
βγ ,
F˜ µν α = 1
2
e−1εµνρσF αρσ ,
Fˆ−αµν =
1
2
(
Fˆ αµν − ˜ˆF αµν
)
= F−αµν − 14 ψ¯ρLγµνγρλαR + 14 ψ¯R · γγµνλαR . (3.7)
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Here δα are the Yang–Mills transformations, see below, and Aµ, as in the example of the
previous section, is the gauge field of the U(1) R-symmetry of the superconformal algebra.
The terms in the covariant derivative with the spin connection ω appear only for fermions.
The gauge field for the local special conformal symmetry bµ can be removed from the covari-
ant derivative as explained in footnote 6. The covariant derivative Dµλα = DµλαL + DµλαR
contains i
2
Aµ(PL − PR)λα = i12Aµγ5λα.
The torsion terms in the first line of (3.6) are [3]
LSG,torsion = 116
[
2(ψ¯µγνψρ)(ψ¯
νγµψρ) + (ψ¯µγνψρ)
2 − 4(ψ¯ · γψµ)2
]
. (3.8)
It remains to explain the notation related to the Yang–Mills symmetry. In [6] the confor-
mon, called a compensator multiplet at that time, was used as a separate multiplet, which
did not participate in the Yang–Mills transformations. In [40] a more general gauge group
was considered, also obtaining the Fayet–Iliopoulos terms, using the Killing vectors as the
main ingredient. Consequently, in [20] it was shown that the Fayet–Iliopoulos terms are ob-
tained if the compensator multiplet transforms under the gauge group. This was inspired by
similar results in N = 2 supergravity. We will show in section 4 that unifying the conformon
with all the other chiral multiplets, one can obtain the gauging of all the Killing symmetries
as in [40]. Therefore, the gauge transformations are given here in terms of the conformal
multiplets:
δαXI = kαI(X) , δαX
I = kα
I(X∗) ,
δαΩI = kαI
JΩJ , δαΩ
I = kα
I
JΩ
J . (3.9)
The vectors kαI(X) are holomorphic and should be of dilatational weight 1, i.e. using our
notation that adding an index indicates a derivative,
kαIJ = kα
IJ = 0 , kαI
JXJ = kαI , kα
I
JX
J = kα
I . (3.10)
The commutators define the structure constants7:
kβI
JkαJ − kαIJkβJ = f γαβkγI , (3.11)
which determine the transformations of the fields in the vector multiplets, e.g.
δγλ
α = λβfαβγ . (3.12)
The functions N , W and fαβ should be invariant or covariant, i.e.
N IkαI +NIkαI =WIkαI = 0 , f IαβkγI + 2fδ(αf δβ)γ = icαβ , (3.13)
where cαβ are real constants.
These Yang–Mills symmetries commute with the SU(2, 2|1) superconformal symmetries.
The bosonic part of the superconformal symmetry group consists of the general coordi-
nate transformations and Lorentz rotations, the Weyl and chiral transformations, given
7f is used for structure constants and for the functions in (3.3), but the difference should be clear from
the indices.
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through the weights in table 3.1, and the special conformal transformations that have been
used to eliminate bµ as only transforming field. The fermionic part consists of Q- and
S-supersymmetries. Omitting the fields that will be auxiliary, the transformations of the
independent fields are
δeaµ =
1
2
ǫ¯γaψµ ,
δψµ =
(
∂µ +
1
4
ωµ
ab(e, ψ)γab +
1
2
iAµγ5
)
ǫ− γµη ,
δXI = ǫ¯LΩI ,
δΩI =
1
2
γµ
(
DµXI − ψ¯µΩI
)
ǫR +
1
2
hIǫL +XIηL ,
δW αµ = −12 ǫ¯γµλα ,
δλα = 1
4
γµνFˆ αµνǫ+
1
2
iγ5ǫD
α , (3.14)
where ǫ and η are the parameters of Q- and S-supersymmetry, respectively.
One may eliminate auxiliary fields, still maintaining the superconformal invariance. The
auxiliary fields are hI , D
α and Aµ. The values of these auxiliary fields are
− hJNJ I = WI −N IJKΩ¯JΩK − 14f Iαβλ¯αLλβL
(Re fαβ)D
β = Pα + PFα
Pα = i12
[
N IkαI −NIkαI
]
= iN IkαI = −iNIkαI
PFα = −i12f IαβΩ¯Iλβ + i12fαβIΩ¯Iλβ
Aµ = A
B
µ + A
F
µ (3.15)
ABµ =
3i
2N
[
N I ∂ˆµXI −NI ∂ˆµXI
]
=
3i
2N
[
N I ∂µXI −NI ∂µXI
]
− 3NW
α
µPα
AFµ =
3i
2N
[
NIψ¯µRΩI −N Iψ¯µLΩI −NIJΩ¯JγµΩI − 34(Re fαβ)λ¯αγµγ5λβ
]
,
where ∂ˆµ denotes a derivative with only a YM connection. We split the values of D
α and Aµ
into a boson and a fermion part. For the former, we introduce the notation Pα by default
for the bosonic part, which will play an important role below. Re-inserting the values of
the auxiliary fields in the action, some simplifications occur, such that the full action can be
written as8
e−1L = 1
6
N
[
R + ψ¯µR
µ + e−1∂µ(eψ¯ · γψµ) + LSG,torsion
]
− NIJ
[
(DµXI)(DµXJ) + Ω¯J 6DΩI + Ω¯I 6DΩJ
]
+ (Re fαβ)
[
−1
4
F αµνF
µν β − 1
2
λ¯α 6Dˆλβ
]
+ i1
4
(Im fαβ)
[
F αµνF˜
µν β − ∂ˆµ
(
λ¯αγ5γ
µλβ
)]
− NIJhJhI − 12(Re fαβ)DαDβ
+ 1
8
(Re fαβ)ψ¯µγ
νρ
(
F ανρ + Fˆ
α
νρ
)
γµλβ
8Note that after the elimination of the auxiliary fields, the action is still fully superconformal invariant.
The only change is that now the commutator of two supersymmetries closes in new transformations of the
superconformal algebra only modulo field equations.
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+
{
NKIJΩ¯I(ˆ6∂XJ)ΩK +NJ Iψ¯µL( 6DXJ)γµΩI − 14f IαβΩ¯IγµνFˆ−αµν λβL
−2
3
N IΩ¯IγµνDˆµψνL + 12 ψ¯R · γ
(
NIkαIλαL + 2WIΩI
)
+1
2
Wψ¯µRγµνψνR −WIJΩ¯IΩJ − 2NIJkαJ λ¯αRΩI
−1
4
f Iαβψ¯R · γΩI λ¯αLλβL + 14f IJαβ Ω¯IΩJ λ¯αLλβL + h.c.
}
(3.16)
+ NJI
(
1
8
e−1εµνρσψ¯µγνψρΩ¯JγσΩI − ψ¯µΩJ ψ¯µΩI
)
+N IJKLΩ¯IΩJ Ω¯KΩL + 19N (AFµ )2 .
In this action the auxiliary fields have the values from (3.15). The covariant derivatives have
U(1) connection with the bosonic part ABµ only. Thus, explicitly,
DµXI = ∂ˆµXI + 13 iABµXI , ∂ˆµXI = ∂µXI −W αµ kαI ,
DµΩI =
(
∂µ +
1
4
ωµ
ab(e)γab − 16 iABµ
)
ΩI −W αµ kαIJΩJ ,
Dµλα =
(
∂µ +
1
4
ωµ
ab(e)γab +
1
2
iABµ γ5
)
λα −W γµλβfαβγ ,
Rµ = γµρσDρψσ , D[µψν] =
(
∂[µ +
1
4
ω[µ
ab(e)γab +
1
2
iAB[µγ5
)
ψν] . (3.17)
The Dˆµ differs as before from Dµ in that its spin connection contains ψ-torsion, see (3.7).
To arrive at some of the simplifications, observe that
N IDµXI = NIDµXI = 12
(
N I∂µXI +NI∂µXI
)
. (3.18)
The expression (3.16) has the following structure. In the first line it is N (X,X∗) times the
pure supergravity action. The second line contains the kinetic terms of the chiral multiplets,
which need the first line in order to be conformally invariant, similar to what we saw in the
examples in section 2. The third line contains the kinetic terms of the vector multiplets.
The potential is contained in the fourth line, after inserting the bosonic part of the solution
of the field equations for the auxiliary fields. Lines 5 and 6 contain derivative interactions
between the fields. The first term in the seventh line will later disappear by gauge choices
of S. The eighth line has mass terms for the fermions, first of all for the gravitino. For the
other fields, the mass matrix has also contributions from the auxiliary fields in line 4. The
last two lines have only 4-fermion interactions.
Finally, we draw the readers attention to a global issue, similar to the discussion of the
cosmic string at the end of section 2. The vanishing of the conformon field |φ| in that example
is now generalized to the vanishing of the function N (X, X¯). We have a compact U(1)
group, and therefore the cohomology class of the 2-form gauge field strength is quantized:
if fields transform as ψ → Uψ, then the gauge field Aµ, normalized so that it transforms as
∂µ + iAµ → U−1(∂µ + iAµ)U , has a field strength Fµν = ∂µAν − ∂νAµ, of which the integral
over an arbitrary 2-cycle is
[F ] ≡
∫
Fµν dx
µ dxν = 2πn , n ∈ . (3.19)
This is analogous to the quantization of the magnetic charge; a similar effect for a topolog-
ically non-trivial Ka¨hler manifold is nicely explained in [39, 42] (see the next section). In
more mathematical language this means that the transformation functions should define a
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complex U(1) line bundle, whose first Chern class should be of integer cohomology [43]. If
there are several fields with different U(1) charges, they each define a bundle, and should be
multiples of a basic unit. The most stringent condition is given by the bundle having this
unit charge.
We now apply this consideration to the U(1) transformations. If there is a string with
vanishing N , then there are non-trivial loops around this string and we have to care about
the quantization of the U(1) curvature. This generalized cosmic string suggests an example
when the gravitational coupling constant κ2 = −3/N goes to infinity, and the Planck mass
goes to zero.
3.2 Gauge-fixing and Ka¨hler geometry
The action (3.16) has full superconformal symmetry. We will now break the symmetries
which are not present in the super-Poincare´ group. The gauge-fixing of local dilatations, will
replace the modulus of the conformon scalar, the non-physical scalar, which is part of XI ,
with a dimensionful constant, the Planck mass.
In this process, the relation will be established between the superconformal action (3.16)
and the action describing a Ka¨hler manifold. Furthermore, the U(1) symmetry of the super-
conformal algebra will be related to the Ka¨hler symmetry.
The gauge choice of dilatations is chosen [12] such that the first term of (3.16) becomes
the standard Einstein term, as in the examples in section 2:
D-gauge: N = −3M2P . (3.20)
This condition breaks the dilatations, and at the same time defines a submanifold of the
n + 1 complex-dimensional space of the XI . Apart from the real condition (3.20), there is
still the U(1) symmetry such that the effective manifold is complex n dimensional.
To clarify the structure one first performs a change of variables of the n + 1 variables
XI to Y , which will be the conformon scalar, and n physical scalars zi, which are Hermitian
coordinates for parametrizing the Ka¨hler manifold in the Poincare´ theory. One defines
XI = Y xI(zi) , (3.21)
where xI(zi) are arbitrary functions, as long as ∂
ixI is a matrix of rank n. We use ∂
i for ∂
∂zi
and ∂i for
∂
∂zi
. The modulus of Y is determined by the dilatational gauge condition, while
its modulus is the U(1) gauge degree of freedom, which we can later choose conveniently.
The freedom of the arbitrary functions xI(zi) is useful to obtain a global atlas of charts to
cover the Ka¨hler manifold, whose global structure is contained in (3.20).
The appearance of the Ka¨hler structure of the manifold is identical to the corresponding
steps in N = 2 special Ka¨hler geometry. We review this in a common language (and without
breaking the U(1) transformations) in appendix C. There, we show that the kinetic terms
of XI give rise to the Ka¨hlerian sigma model with Ka¨hler potential and metric
K(z, z∗) = −3 ln
[
−1
3
xI(z∗)NIJ(z, z∗)xJ (z)
]
,
gij ≡ ∂i∂jK = −3(∂iXI)(∂jXJ)∂I∂J lnN . (3.22)
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The ∂i derivatives in the second expression can be taken with constant Y . The Ka¨hler metric
is thus the pullback of ∂I∂
J lnN to the surface (3.20).
In these variables the gauge-fixing of the dilatational invariance (3.20) is given by
Y Y ∗ exp
(
−1
3
K
)
= M2P = −13N . (3.23)
The Ka¨hler invariance has its origin in the non-uniqueness of the splitting (3.21). This
creates an invariance under a redefinition
Y ′ = Y e
1
3
ΛY (z) , x′I = xI e
−1
3
ΛY (z) (3.24)
for an arbitrary holomorphic function ΛY (z). This redefinition changes the Ka¨hler potential
to
K′ = K + ΛY (z) + Λ∗Y (z∗) . (3.25)
The properties of (3.4) imply that W is of the form (introducing the mass scale for later
convenience)
W = Y 3M−3P W (z) . (3.26)
The Ka¨hler transformations act therefore on the superpotential W as
W ′ = W e−ΛY (z) , (3.27)
leaving W invariant.
The U(1) invariance can be fixed by fixing the modulus of Y . One can again take a
‘clever choice’. For example, if the gravitino mass term (the first term in the eighth line of
(3.16)) is non-vanishing, then one can choose a
Ka¨hler symmetric U(1)-gauge: W =W∗ . (3.28)
This choice of the local R-symmetry gauge-fixing leads to the action of phenomenological
N = 1 supergravity as given in [6, 8, 11]. This gauge makes sense only for W 6= 0, as
for W = 0 the condition is empty. If one is interested in theories where W = 0 in some
instances, one can use a
non-singular at W = 0 U(1)-gauge: Y = Y ∗ . (3.29)
In this gauge for U(1), the theory is non-invariant under the Ka¨hler transformations (3.24).
This implies that the remaining invariance is a combination of chiral U(1) and Ka¨hler trans-
formations. The action in this form will be closer to the action of the phenomenological
N = 1 supergravity as given in [9, 10], where it was derived by the superspace methods.
The nice feature of the SU(2, 2|1) superconformal action is that it allows the derivation
of these two forms of the action easily by using these two gauges.
We still have to fix S-supersymmetry, to reduce the invariance group to the super-
Poincare´ group. The dilatation gauge was chosen such that the kinetic terms of the graviton
do not mix with the scalars. A suitable S-gauge avoids mixing of the kinetic terms of the
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gravitino with the spin-1
2
fields. That mixing occurs in the first term of the seventh line of
(3.16). To eliminate them, we choose [12]
S-gauge: N IΩI = 0 . (3.30)
As for the bosons, we now have to choose independent physical fermions. We choose the
fermions χi, as they appear in the transformation law of the zi, such that
δzi = M
−1
P ǫ¯χi , δz
i = M−1P ǫ¯χ
i . (3.31)
The relation is
ΩI =M
−1
P Y χiDixI =M−1P χi
1
Y ∗
∂i (Y Y ∗xi) ⇒ χi =M−1P g−1jiY ∗(DjxJ )NJIΩI , (3.32)
where DixI is also introduced in the appendix, (C.11). It satisfies
DixI = ∂ixI + 1
3
(
∂iK
)
xI =
1
Y Y ∗
∂i (Y Y ∗xI) , N IDixI = 0 . (3.33)
The latter equation implies that the definition (3.32) satisfies the S-gauge condition auto-
matically. Note that this definition, before the breaking of dilatational and U(1) invariance,
would imply that χi has (Weyl,chiral) weight (
1
2
, 1
2
) (while the scalars zi have (0, 0)). This
is how the smallest charge 1
6
is avoided for the physical fields.
The quantization condition of the U(1) curvature, can thus now be formulated as a
quantization due to Ka¨hler transformations, as was originally found in [39]. The smallest
charge, determining the most stringent quantization condition, seems according to (3.4) to
be the chiral fermion ΩI , which has charge
1
6
. However, we saw that some of these fields
are still gauge degrees of freedom. The remaining physical scalars z have zero chiral charge,
while the spinors χ have charge 1
2
, which is then the remaining lowest one. Therefore, the
condition (3.19) should apply to the integrals of
F quantµν =
1
2
(∂µAν − ∂νAµ) = 3i(∂[µXI)(∂ν]XJ)∂I∂J lnN
= 3i(∂[µz
i)(∂iX
I)(∂ν]zj)(∂
jXJ)∂I∂
J lnN
= −i(∂[µzi)(∂ν]zj)∂i∂jK . (3.34)
This curvature is the pullback of the Ka¨hler 2-form
i
2π
gji dzj ∧ dzi . (3.35)
The bundle’s first Chern class
c1 ∈ 2 . (3.36)
should thus be an (even) integer. In the mathematical literature [43, 44], Ka¨hler manifolds
of which the Ka¨hler form is of integer cohomology are called Ka¨hler manifolds of restricted
type or Hodge manifolds. The action, as seen in (C.14), is proportional to the Ka¨hler metric
times M2P . Constants in a non-trivial action should thus be M
2
P times integers.
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4 Gauge symmetries as isometries
4.1 Killing vectors and potentials
We will now show that the Yang–Mills gauge transformations of the scalars, which may also
act on the conformon multiplet, are exactly all the Killing isometries. Holomorphic Killing
vectors ξαi(z), with complex conjugate ξα
i(z∗), for the Ka¨hler metric gji satisfy the Killing
equation
0 = gjk∂iξα
k + gki ∂
jξαk +
(
ξαk∂
k + ξα
k∂k
)
gji = ∂i∂
j
(
ξα
k∂kK + ξαk∂kK
)
. (4.1)
In the conformal set-up, the transformations are defined from transformations of the XI ,
as in (3.9). The fact that the functions kαI(X) have (Weyl,chiral) weight (1,−13), implies
that these transformations can be expressed as
δαY = Y rα(z) , δαzi = ξαi(z) , (4.2)
where r and ξ are n + 1 holomorphic functions for every symmetry. They determine
kαI = Y
[
rα(z)xI(z) + ξαi(z)∂
ixI(z)
]
. (4.3)
The invariance of N is (3.13), which reads
0 = N IkαI +NIkαI = N
[
rα(z) + r
∗
α(z
∗)− 1
3
(
ξαi∂
iK(z, z∗) + ξαi∂iK(z, z∗)
)]
, (4.4)
stating that the real part of ξαi(z)∂
iK(z, z∗) should be the real part of a holomorphic function,
which is then proportional to rα(z). In other words, its derivative ∂j∂
k should be zero. That
leads precisely to the Killing equation (4.1). This proves that the transformations that are
possible in the conformal framework are exactly the Killing isometries!
Observe that rα(z) describes the non-invariance of the Ka¨hler potential:
δαK = ξαi(z)∂iK(z, z∗) + ξαi∂iK(z, z∗) = 3(rα(z) + r∗α(z∗)) . (4.5)
However, imaginary constants in rα do not show up here. We also find that the bosonic part
of the value of the auxiliary field Dα is determined by
Pα(z, z∗) = 12 iM2P
[(
ξαi(z)∂
iK(z, z∗)− ξαi∂iK(z, z∗)
)
− 3rα(z) + 3r∗α(z∗))
]
(4.6)
= iM2P
(
ξαi(z)∂
iK(z, z∗)− 3rα(z)
)
= iM2P
(
−ξαi∂iK(z, z∗) + 3r∗α(z∗)
)
.
These real functions Pα(z, z∗), called Killing potentials, encode the transformations. Indeed,
their derivatives determine the Killing vectors:
∂iPα(z, z∗) = iM2P ξαjgji . (4.7)
Invariance of other parts of the action demands
YWI ξαi ∂ixI = −3rαW , Y f Iαβ ξγi ∂ixI + 2fδ(αf δβ)γ = icαβ,γ , (4.8)
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where cαβ,γ are real constants. Note that if rα 6= 0, the transformation of the superpotential
is non-trivial. In terms of W (z) it is
ξαi∂
iW = −3rαW . (4.9)
This statement is the expression that the superpotential should be R-invariant in order to
allow Fayet–Iliopoulos terms in supergravity [45]. Indeed, we will now relate rα 6= 0 to FI
terms.
4.2 New mechanism for D-terms
In the usual context of Ka¨hler geometry, Killing potentials are determined up to constants
(see, e.g., [9], appendix D), but here these constants are determined by the functions rα(z).
This important difference gives rise to a different way to understand FI terms. In [40] the
arbitrary constants are the cause of these FI terms, while for us, as first recognized in [20],
the gauge transformations of the conformon multiplet, encoded in rα(z), are responsible for
the FI terms.
First observe that rα 6= 0 signals the mixture of chiral transformations and gauge trans-
formations with index α. Indeed, after fixing the modulus of Y by some gauge choice, the
remaining invariance is the linear combination of gauge transformations that leaves Y in-
variant, and this depends on rα. Another way to see this is that the gravitino field couples
to ABµ . This includes higher-order couplings with other fields, and direct gauge couplings
between the vector W αµ and the gravitino if the vacuum expectation value of Pα is non-zero.
For unbroken gauge symmetries, this happens when 〈rα〉 6= 0.
We first give a simple example, with the trivial Ka¨hler metric K = zizi. The functions
xI(z) are taken to be
x0 = 1 , xi = zi . (4.10)
There is one gauge transformation, under which the scalars have a charge qi in the sense
that δzi = iqizi. We look for an imaginary constant in r, i.e. r =
1
3
i̟M−2P , where the scaling
with the Planck mass is done in view of the rigid limit to be considered later. Then the
superpotential W has to be R-invariant, and with (3.26),
qizi∂
iW (z) = −M−2P ̟W (z) . (4.11)
If this is the case, the action is invariant and we find
P = −qiM2P zizi +̟ . (4.12)
For trivial kinetic terms for the vector (fαβ = 1), the potential obtains a contribution
1
2
P2,
which is the Fayet–Iliopoulos cosmological constant 1
2
̟2.
A second example with non-trivial Ka¨hler potential is the one from [40, 42]. Here the
Ka¨hler potential is
K = −3ν ln
[
−1
3
(1 + zz∗)−1/3
]
, (4.13)
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where ν is an arbitrary parameter. The associated metric is
gz
z =
ν
(1 + zz∗)2
. (4.14)
The transformations are generated by the Killing potentials which were given in [40, 42] as
P1 = ν
2
M2P
z + z∗
1 + zz∗
, P2 = − iν
2
M2P
z − z∗
1 + zz∗
, P3 = M2P
νzz∗
1 + zz∗
+̟ , (4.15)
where ̟ is a parameter. One can then show that these generate SU(2) on z for any value
of ̟, with transformation laws
δ1z =
1
2
i(z2 − 1) , δ2z = 12(z2 + 1) , δ3z = −iz . (4.16)
The same SU(2) should be realized on Y , which fixes9 ̟ = −(1/2)νM2P , and the holomorphic
functions rα(z) are
r1 =
1
6
iνz , r2 =
1
6
νz , r3 =
1
3
i̟M−2P = −16 iν . (4.17)
These thus determine the transformations of the conformon field in this example. The fact
that r3 and P3 contain a constant is the signature of the FI term for a a remaining U(1) in
the rigid limit10. The quantization of (3.34) implies here that ν should be an integer.
We have thus shown that the superconformal tensor calculus, or equivalently superspace
methods, do allow the gauging and possible FI terms for all Killing isometries, in contrast
to the claim in a footnote of [40]. For this result, we had to also include the conformon
multiplet in the gauge representation, as first remarked in [20].
5 Derivation of phenomenological Lagrangians
5.1 Ka¨hler structure and potential
The parametrizations (3.21) and (3.32) are now used to rewrite the Lagrangian in the form
which shows its Ka¨hler structure and is closest to the form in [6, 9, 10]. The formulae of
appendix C are most useful for the translations. Further, note that from (3.23) we obtain
gi
j = eK/3DixINIJDjxJ
−3 = eK/3 xI NIJ xJ , (5.1)
and also using the last of equation (3.33), we arrive at an (n+ 1)× (n+ 1) matrix equation(−3 0
0 gi
j
)
= eK/3
(
xI
DixI
)
NIJ (xJ DjxJ ) . (5.2)
9We thank Marco Zagermann for a remark on this issue.
10Note that if z is of orderM−1P , as we will assume from section 5.4 onwards, the first two transformations
do not have a smooth limit MP →∞, and are thus not symmetries of the rigid limit. The third one is still
present in the rigid case, and Pα and rαM2P have a finite limit, such that ̟ gives the rigid FI term.
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This equation shows that the (n+1)×(n+1) matrix (xI DixI ) should be invertible. That
is a requirement on the choice of variables zi. Moreover, as positive kinetic terms imply
that the matrix in the left-hand side should have the signature (−+ · · ·+), the same should
be true for NIJ . The minus sign finds it origin in the conformon scalar, absorbed in the
vierbein.
The kinetic coupling of the vectors is now just a function of the zi, i.e. fαβ(z). The
standard superpotential W is defined via W and Y in (3.26).
The potential consists of an F -term and a D-term:
V = VF + VD ,
VF = h
INIJhJ
∣∣∣
bos
=WIN−1IJWJ
= eK/3
[
−1
3
WIxIxJWJ +WIDixIg−1ijDjxJWJ
]
= M−2P e
K [−3WW ∗ + (DiW )g−1ij(DjW ∗)] ,
VD =
1
2
(Re fαβ)D
αDβ
∣∣∣
bos
= 1
2
(Re f)−1αβPαPβ . (5.3)
To calculate the F -term of the potential, we went from the coordinate basis XI to (Y, zi)
and used (5.2) to find the inverse of NIJ . The covariant derivative on W is
DiW = ∂iW +
(
∂iK
)
W . (5.4)
In general, the weight for the Ka¨hler connection is defined in appendix C. Note that in the
last expression for VF , the first term is negative definite, while the second one is positive
definite. VD is positive definite,
VF,+ = V +3WW∗ =M−2P eK(DiW )g−1ij(DjW ∗) ≥ 0 , VD ≥ 0 , V+ = VF,++VD ≥ 0 .
(5.5)
5.2 Goldstino
In applications which will follow, we will also fix the remaining Poincare´ supersymmetry.
This will be done by setting a goldstino equal to zero. The question is what is this goldstino?
In the past, this has been looked at for constant backgrounds [6], but in the cosmological
applications the scalar fields are time dependent in the background. Therefore, we need a
modification.
A first ingredient for this analysis is the part of the supersymmetry transformation laws
of the fermions involving scalars. In the conformal theory, the fermionic transformations are
given by (3.14). The gauge-fixing of S-supersymmetry (3.30) implies that the parameter η
in these transformation laws is dependent on ǫ. We find for Poincare´ supersymmetry (only
the part dependent on scalars)
− 2N ηL = 6M2PηL = N I 6DXIǫR +N IhIǫL . (5.6)
Using (3.18) with constant N the first term vanishes, and for the second one we can use
(3.15) to derive
ηL = −12M−2P W∗ǫL . (5.7)
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When we consider the action (3.16) in the S-gauge (3.30), there are (for vanishing vectors
and up to quadratic terms in fermions) two terms where gravitinos mix with the other
fermions, and these should give us a clue to which is the correct goldstino. The terms are
e−1Lmix = NJ Iψ¯µR( 6DXI)γµΩJ + ψ¯R · γ
(
1
2
NIkαIλαL +WIΩI
)
+ h.c. (5.8)
Let us therefore consider the following two spinors
υ1L =
1
2
NIkαIλαL +WIΩI , υ2L = 6DXIN IJΩJ . (5.9)
Under the superconformal transformation laws (3.14), they transform as
δυ1L =
1
2
6DWǫR − 12V ǫL + 3WηL , δυ2L = −12 6DWǫR + 12 6DXIN IJ 6DXJǫL+ 6DXIN IηR ,
(5.10)
where we used the field equations for the auxiliary fields, (3.15), and V is the potential
(5.3). We want to obtain a combination whose variation is always non-zero for broken
supersymmetry. The first terms have an undetermined signature. Thus, even before gauge-
fixing any symmetry, it is clear that we have to consider as the goldstino the field
υ = υ1 + υ2 , (5.11)
in order that the single derivative term cancels. This expression can be written as
υL = i
1
2
λαLPα + χiM−4P Y 3DiW +MP 6 ∂ˆziχjgj i . (5.12)
After the S-gauge-fixing we can use (5.7) and (3.18) to obtain
δυL =
1
2
M2P g
i
j 6 ∂ˆzi 6 ∂ˆzjǫL − 12V+ǫL , (5.13)
where V+ is the positive-definite part of the potential given in (5.5). When the scalars
depend only on time, as we will assume in the cosmological models, the first term is (minus)
the kinetic energy and has the same sign as the second term. Therefore, the variation is
non-zero, and this is the goldstino.
The mixing terms in the action can then be rewritten as
e−1Lmix = 2NJ Iψ¯µRγνµΩJDνXI + ψ¯R · γυL + h.c.
= 2MP gj
iψ¯µRγ
νµχj∂ˆνzi + ψ¯R · γυL + h.c. (5.14)
5.3 Lagrangian and U(1) gauge
Using the information on the Ka¨hler structure, the action can be written as
e−1L = −1
2
M2P
[
R + ψ¯µR
µ + LSG,torsion
]
− gij
[
M2P (∂ˆµz
i)(∂ˆµzj) + χ¯j 6Dχi + χ¯i 6Dχj
]
+ (Re fαβ)
[
−1
4
F αµνF
µν β − 1
2
λ¯α 6Dˆλβ
]
+ 1
4
i(Im fαβ)
[
F αµνF˜
µν β − ∂ˆµ
(
λ¯αγ5γ
µλβ
)]
− M−2P eK
[
−3WW ∗ + (DiW )g−1ij(DjW ∗)
]
− 1
2
(Re f)−1αβPαPβ
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+ 1
8
(Re fαβ)ψ¯µγ
νρ
(
F ανρ + Fˆ
α
νρ
)
γµλβ
+
{
MP gj
iψ¯µL(ˆ6∂zj)γµχi + ψ¯R · γ
[
1
2
iλαLPα + χiY 3M−4P DiW
]
+1
2
Y 3M−3P Wψ¯µRγ
µνψνR − 14M−1P f iαβχ¯iγµνFˆ−αµν λβL
−Y 3M−5P (DiDjW )χ¯iχj + 12 i(Re f)−1αβPαM−1P f iβγχ¯iλγ − 2MP ξαigijλ¯αχj
+1
4
M−5P Y
3(DjW )g−1j ifαβiλ¯αRλβR
−1
4
M−1P f
i
αβψ¯R · γχiλ¯αLλβL + 14M−2P (Di∂jfαβ)χ¯iχjλ¯αLλβL + h.c.
}
(5.15)
+ gj
i
(
1
8
e−1εµνρσψ¯µγνψρχ¯jγσχi − ψ¯µχj ψ¯µχi
)
+ M−2P
(
Rkℓij − 12gikgjℓ
)
χ¯iχjχ¯kχℓ
+ 3
64
M−2P
(
(Re fαβ)λ¯
αγµγ5λ
β
)2 − 1
16
M−2P f
i
αβλ¯
α
Lλ
β
Lg
−1
i
jfγδj λ¯
γ
Rλ
δ
R
+ 1
8
(Re f)−1αβM−2P
(
f iαγχ¯iλ
γ − fαγiχ¯iλγ
) (
f jβδχ¯jλ
δ − fβδj χ¯jλδ
)
.
The fifth line is Lmix which could be written as in (5.14). We repeat where to find the
definitions of the quantities involved. gi
j is the Ka¨hler metric, see (3.22). Fµν and Fˆµν are
in (3.7). The covariant derivative of z is
∂ˆµzi = ∂µzi −W αµ (δαzi) . (5.16)
Rµ and the covariant derivative of λα are defined in (3.17), where ABµ can now be written as
ABµ =
1
2
i
[
(∂iK)∂µzi − (∂iK)∂µzi
]
+
3
2
i∂µ ln
Y
Y ∗
+
1
M2P
W αµPα . (5.17)
Dˆµ differs as before from Dµ in that its spin connection contains ψ-torsion, see (3.7). The
covariant derivative on χi is
Dµχi =
(
∂µ +
1
4
ωµ
ab(e)γab − 12 iABµ
)
χi + Γ
jk
i χj ∂ˆµzk −W αµ
(
∂jξαi
)
χj , (5.18)
where the Ka¨hler connection
Γjki = g
−1ℓ
i∂
jgkℓ (5.19)
has been used. Note that with our convention of raising and lowering indices by complex
conjugation, the non-vanishing connection coefficients of the Ka¨hler manifold are those with
holomorphic indices Γjki and those with antiholomorphic indices: Γ
i
jk. That also determines
the Ka¨hler curvature tensor
Rkℓij ≡ gmi ∂jΓkℓm . (5.20)
To obtain the action in the form (5.15), we used the translation formulae discussed at the
end of appendix C.
The action (5.15) is invariant under the local Poincare´ group, Q-supersymmetry and the
gauge group with gauge fields W αµ , which are standard local symmetries of supergravity.
In addition, we keep here the local R-symmetry of the superconformal group, i.e. a local
U(1) symmetry. Indeed, we did not choose a gauge for this U(1), which reflects itself in the
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presence of the phase of the complex field Y . Its modulus is fixed (see, e.g., (3.23)), but its
phase is left arbitrary.
We already mentioned that when the gravitino mass is non-vanishing (Y 3W 6= 0), it is
convenient to take a real parameter in the mass term. This is the choice (3.28), which now
reads
Ka¨hler symmetric U(1)-gauge: Y 3W = (Y ∗)3W ∗ . (5.21)
With this choice, the contribution of the phase of Y in (5.17) adds to the first term to
combine in ∂iG = −∂iK − ∂i lnW , where G is the invariant function
e−G = M−6P e
K|W |2 , (5.22)
which was introduced in [4, 6]. This combination of the Ka¨hler potential and superpotential
occurs now because (5.21) preserves the Ka¨hler transformations of (3.25) and (3.27), and
(5.22) is the invariant combination. Also at other places this combination occurs, e.g.
Y 3W =M6P e
−G/2 , Y 3DiW = −M6PGie−G/2 . (5.23)
The resulting form of the action is that in [6]. The advantage of the general supergravity
theory in this gauge is that the theory depends only on one function G. The disadvantage
is that this dependence includes lnW and therefore the action is singular at W = 0.
However, our formulation allows us to easily choose any gauge for U(1), and so we can
avoid the complications with the limit W → 0, as mentioned in the ‘Note added’ to [20]
(and in [9] the action has been given in this way). A simple choice is to take Y real, which,
together with (3.23), means that
non-singular at W = 0 U(1)-gauge: Y 3 = (Y ∗)3 = M3P e
K/2 . (5.24)
The supergravity action in this gauge is that in (5.15), where in lines six till eight in few
places the values of Y 3 as well as (Y ∗)3 have to be replaced by M3P e
K/2. In the rest of this
paper we will use this as the supergravity Lagrangian. We will explicitly present it (without
4-fermion terms) in section 6.
Also interesting is the form of ABµ in the two gauge choices. Using the Ka¨hler-covariant
gauge, one obtains
ABµ =
1
2
i
(
Gi∂ˆµzi − Gi∂ˆµzi
)
. (5.25)
On the other hand, using the second gauge, one obtains
ABµ =
1
2
i
[
(∂iK)∂µzi − (∂iK)∂µzi
]
+M−2P W
α
µPα . (5.26)
The last term is part of the covariant derivative in (5.25). This expression makes clear that
this term remains in the limit W → 0, as argued in [20].
From now on, we will adopt the gauge choice (5.24). This gauge condition breaks the U(1)
invariance, but it leaves invariant a combination of this U(1) with the Ka¨hler transformations
(3.24). We therefore find that the U(1) transformations contribute to the remaining Ka¨hler
transformations as
iΛ = 1
2
(ΛY (z)− Λ∗Y (z∗)) . (5.27)
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The remaining transformation of Y is then
Y ′ = Y exp 1
6
(ΛY + Λ
∗
Y ) , (5.28)
consistent with (5.24) and the transformation of the Ka¨hler potential (3.25). More details and
the Ka¨hler covariant derivatives in this gauge are explained in appendix C. Most quantities
transform under the resulting Ka¨hler transformations as
Q′ = QeiwKΛ , (5.29)
where Λ is thus of the form (5.27). In particular, this is the case for the (complex) combi-
nation m of eK and W ,
m = eK/2W , (5.30)
which is related to the (real) gravitino mass,
m3/2 = |m|M−2P , (5.31)
and for the fermions as we parametrize them now:
m m∗ ψµL ψµR χi χi λαL λ
α
R
wK −1 1 −12 12 12 −12 −12 12
(5.32)
The Ka¨hler covariant derivatives of quantities transforming as Q can be written as
DiQ = ∂iQ+ 12wK(∂iK)Q , DiQ = ∂iQ− 12wK(∂iK)Q . (5.33)
For example, the covariant derivative on W , (5.4), combines with the derivative on the
Ka¨hler potential, and we have as in (5.33)
mi ≡ Dim = eK/2DiW = ∂im + 1
2
(∂iK)m , Dim = ∂im − 12(∂iK)m = 0 ,
mi ≡ Dim∗ = eK/2DiW ∗ = ∂im∗ + 12(∂iK)m∗ , Dim∗ = ∂im∗ − 12(∂iK)m∗ = 0 .
(5.34)
5.4 Rescalings for a rigid limit
The limit from a supergravity theory to a supersymmetry theory is not always obvious.
For N = 2, a procedure has been investigated in section 10.1 of [46], and this has been
generalized in section 2.3 of [47]. It involves the expansion of the Ka¨hler potential from a
‘classical point’ in the space of the scalars. In [47] this was related to singular points of
a Calabi–Yau surface, where the latter degenerates such that the expansions around these
points give rise to rigid N = 2 supersymmetric theories. In the general case only a subset of
the scalars of the supergravity theory appear in the rigid theory.
We will consider the simplest situation in N = 1 supergravity, in which all scalar fields
appear in the rigid limit. Our aim is not to go to the rigid limit, but to parametrize the
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scalar fields such that this limit can be taken easily. We expand around the point z =
0
z, with
M−1P as the expansion parameter, and using φi for the fields to be used below:
zi =
0
zi +M
−1
P φi . (5.35)
The Ka¨hler potential is expanded as
K = K0 +M−1P
(
Kiφ
i +Kiφi
)
+M−2P K(φ, φ
∗,M−1P ) , (5.36)
where K0 (real) and K
i = (Ki)
∗ are constants and K(φ, φ∗,M−1P ) is regular at M
−1
P = 0.
The first terms are not physical, as they can be removed by Ka¨hler transformations (3.25).
Ki is proportional to
Ki ∝ xI N IJ ∂ixJ
∣∣∣
z=
0
z
. (5.37)
By a convenient choice of the functions xI(z) one can obtain Ki = 0, e.g. taking the special
coordinates
x0 = 1 , xi =M
−1
P φi . (5.38)
However, this is not essential for what follows. On the other hand, the constant K0 can
be set to zero by a real Ka¨hler transformation ΛY = Λ
∗
Y = −12K0. That does not affect
the quantities in (5.32), although, for example, W separately (not in the combination m)
is transformed. However, the relevant quantities below transform as in (5.29), and are thus
not affected by this real Ka¨hler transformation. The essential part of the Ka¨hler potential
K is thus the last term of (5.36).
Note that the Ka¨hler metric is
gij =
∂
∂zi
∂
∂zj
K = ∂
∂φi
∂
∂φj
K , (5.39)
i.e. it does not change under the reparametrizations. Therefore, the kinetic term for the
scalars in (5.15) will lose its dependence onMP by the reparametrization as chosen in (5.35).
This is, in fact, the motivation for the proportionality factor M−1P in (5.35). This also has
the consequence that the fields φi again have the same dimension as the conformal fields XI .
The relation can be made more direct in the special coordinates and in the Ka¨hler gauge
K0 = 0. Then, Y =MP exp[K/(6M
2
P )] and
X0 = Y =MP +O(M−1P ) , Xi = Y xi = YM−1P φi = φi exp[K/(6M2P )] = φi +O(M−2P ) .
(5.40)
Therefore, in the lowest order of M−1P , the fields φi are equal to the conformal fields that we
started from. Similarly, in this case the conformal fermions ΩI are
Ω0 = O(M−1P ) , Ωi = χi +O(M−2P ) . (5.41)
Therefore, this natural parametrization again makes close contact with the conformal fields.
From now on, we will thus use the fields φi and complex conjugates φ
i rather than zi and
zi to indicate the scalar fields. Therefore, derivatives ∂i will denote derivatives with respect
to φi rather than with respect to zi. The difference is thus a factor MP ; e.g. from now on,
f iαβ =
∂
∂φi
fαβ =M
−1
P
∂
∂zi
fαβ . (5.42)
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The rule for Ka¨hler covariant derivatives in (5.33) does not have to be changed as all deriva-
tives are now with respect to φ. One can also check that Pα has a finite rigid limit. Indeed,
considering its value (4.6), one checks that
ξαi = δαzi = M
−1
P δαφi ,
∂
∂zi
K = M−1P
∂
∂φi
K , (5.43)
where we assume, as argued above, that the linear terms in (5.36) are removed. This shows
the finite limit for the first terms in (4.6). For the second terms, we have shown in section 4.2
how rαM
−2
P can also have a finite rigid limit.
6 Equations for the gravitino
6.1 Simplified action
In this section we omit the 4-fermion interactions and use the gauge Y = Y ∗ = MP eK/6. We
will also put the gauge part of the theory in the end of the action, since we plan to focus
mainly on the gravitino part of the theory,
e−1L = −1
2
M2PR− gij(∂ˆµφi)(∂ˆµφj)− V
− 1
2
M2P ψ¯µR
µ + 1
2
mψ¯µRγ
µνψνR +
1
2
m∗ψ¯µLγµνψνL
− gij
[
χ¯j 6Dχi + χ¯i 6Dχj
]
−mijχ¯iχj −mijχ¯iχj + e−1Lmix
− 2miαχ¯iλα − 2miαχ¯iλα −mR,αβλ¯αRλβR −mL,αβλ¯αLλβL
+ (Re fαβ)
[
−1
4
F αµνF
µν β − 1
2
λ¯α 6Dλβ
]
+ 1
4
i(Im fαβ)
[
F αµνF˜
µν β − ∂ˆµ
(
λ¯αγ5γ
µλβ
)]
+ 1
4
{
(Re fαβ)ψ¯µγ
νρF ανργ
µλβ −
[
f iαβχ¯iγ
µνF−αµν λ
β
L + h.c.
]}
. (6.1)
The potential V is given in (5.3). The gravitino mass11 is given in (5.30) and the mass
matrix for the other fermions contains, using the notation (5.34),
mij = DiDjm =
(
∂i + 1
2
(∂iK)
)
mj − Γijkmk ,
miα = −i
[
∂iPα − 14(Re f)−1βγPβfγα i
]
,
mR,αβ = −14fαβig−1ij mj , (6.2)
where the connection Γijk is given in (5.19) interpreting in that formula again ∂
j as a derivative
with respect to φj. Note that the fermion masses in this gauge are, in principle, complex.
However, in the applications we will mostly consider real scalars, and hence this mass will
be real. Lmix can be written in different ways as mentioned before:
e−1Lmix = gjiψ¯µL(ˆ6∂φj)γµχi + ψ¯R · γυ1L + h.c.
= 2gj
iψ¯µRγ
νµχj∂ˆνφi + ψ¯R · γυL + h.c. , (6.3)
11Our symbol m does not represent a quantity with mass dimension 1. This choice is inspired by the rigid
limit explained in section 5.4. The phase of m is also a Ka¨hler gauge degree of freedom, as can be seen from
(5.29) and (5.32). The physical mass of the gravitino is m3/2 =M
−2
P |m|.
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where
υL = υ
1
L + υ
2
L ,
υ1L =
1
2
iPαλαL +miχi , υ2L = ( 6 ∂ˆφi)χjgji . (6.4)
The covariant derivatives on the scalar fields still contain a gauge connection, while that on
the fermions χi also contain Lorentz, gauge and Ka¨hler connections:
Dµχi =
(
∂µ +
1
4
ωµ
ab(e)γab
)
χi −W αµ χj∂jξαi −
i
2M2P
W αµPαχi
+1
4
[
(∂jK)∂µφj − (∂jK)∂µφj
]
χi + Γ
jk
i χj ∂ˆµφk , (6.5)
where
∂jξαi =
∂
∂zj
δαzi =
∂
∂φj
δαφi . (6.6)
The parts of the supersymmetry transformation laws of the fermions where they trans-
form to bosons, and boson transformations linear in fermions, are determined by (3.14):
δeaµ =
1
2
ǫ¯γaψµ , δφi = ǫ¯Lχi , δW
α
µ = −12 ǫ¯γµλα
δψµL =
(
∂µ +
1
4
ωµ
ab(e)γab +
1
2
iABµ
)
ǫL +
1
2
M−2P mγµǫR
δχi =
1
2
6 ∂ˆφiǫR − 12g−1jimjǫL
δλα = 1
4
γµνF αµν +
1
2
iγ5(Re f)
−1αβPβǫ . (6.7)
6.2 Field equations
For further analysis, we will restrict ourselves to backgrounds with vanishing vector fields.
To analyse the gravitino propagation, we first write down the field equations. We thus delete
the vectors and terms quadratic and cubic in spinors. To keep the flexibility in the choice
of gauge of the local supersymmetry at a later stage, we present the equations of motion
without choosing any gauge. Then the field equations are the vanishing of
Sµν = M
2
PGµν + ∂µφ
igi
j∂νφj + ∂νφ
igi
j∂µφj − gµν
(
∂ρφ
igi
j∂ρφj + V
)
Si = gi
jDµ∂µφj − ∂iV
ΣµR = M
2
PR
µ
R − γµν
[
mψνR − 2χjgji∂νφi
]
− γµυL
Σi = gij 6Dχj +mijχj +miαλαL − 12γµ 6∂φjgjiψµL + 12mi γ · ψR (6.8)
ΣαR = (Re fαβ) 6DλβL + 2miαχi + 2mRαβλβR − 14
(
f iαβ 6∂φi − fαβ i 6∂φi
)
λβL − 12 iPαγ · ψL .
The definition of Gµν is given in appendix A.
In the scalar field equation12, ∂iV is the variation of the potential, which can be written
as
V = −3M−2P |m|2 +mig−1ijmj + 12Pα(Re f)−1αβPβ = −3M−2P |m|2 + V+
∂iV = −2M−2P mmi +mijg−1 jkmk + imiα(Re f)−1αβPβ . (6.9)
12Observe that the covariant derivative contains Christoffel connection and Ka¨hler connection: Dµ∂µφi =
∂µ∂
µφi + Γ
µ
µν∂
νφi + Γ
jk
i ∂µφj∂µφk.
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The price for not fixing the supersymmetry gauge is that the equations are not independent.
We have the identity
1
2
Sµνγ
µψνL + Siχ
i +DµΣµR + 12M−2P mγµΣµL
+( 6∂φi)Σi +mjg−1ijΣi + 12 i(Re fαβ)−1PβΣαR = 0 . (6.10)
The coefficients of the field equations in (6.10) are the supersymmetry transformation laws
in (6.7).
It may be useful to present the following equations which follow from the definition of
Rµ:
γµRµ = 2γ
µνDµψν ,
DµRµ = −12Gµνγµψν + iF˜ quantµν γµψν ,
Rµ − 12γµγ · R = 6Dψµ −Dµγ · ψ . (6.11)
F quantµν is the U(1) curvature given in (3.34). The covariant derivatives indeed contain a U(1)
connection, and we also have to add Christoffels in order for the covariant derivative of the
vierbein to be zero:
Dµψν =
(
∂µ +
1
4
ωabµ (e)γab +
1
2
iABµ γ5
)
ψν − Γλµνψλ . (6.12)
6.3 Master gravitino field equation and its constraints
Considering the gravitino field equation, Σµ = 0, we find that there is a combination of
fermions and derivatives of the bosons for which we will introduce a notation:
Υµ ≡ gji
(
χi∂µφ
j + χj∂µφi
)
. (6.13)
The first term is its left-chiral part, and the second term is the right-chiral part. Note that
υ2 = γµΥµ , (6.14)
and that in cosmological applications only Υ0 is non-zero.
Another useful notation in order to go to the Majorana form of the fermions, is to
introduce the complex mass as a matrix:
m = Rem− iγ5 Imm, m† = Rem+ iγ5 Imm
= PRm+ PLm
∗ , = PRm∗ + PLm
m = PRm+ PLm
† m∗ = PRm† + PLm .
(6.15)
We first write equations for acting with a covariant Dµ and with a γµ on the gravitino
field equation:
0 = DµΣµ = M2PDµRµ − γµνDµ (mψν − 2Υν)− 6Dυ ,
0 = γµΣ
µ =M2PγµR
µ − 3γµ (mψµ − 2Υµ)− 4υ . (6.16)
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Note that13
Dµm ≡
(
∂µ − iγ5ABµ
)
m = PRm
i∂µφi + PLmi∂µφ
i − iγ5M−2P W αµPαm
Dµm† ≡
(
∂µ + iγ5A
B
µ
)
m† = PRmi∂µφi + PLmi∂µφi + iγ5M−2P W
α
µPαm† . (6.18)
Therefore, we can combine these equations as they appear in the supersymmetry rule (6.10),
using the first two equations of (6.11):
0 = DµΣµ + 12M−2P mγµΣµ = −12M2PGµνγµψν − γµν(Dµm)ψν − 32M−2P |m|2γµψµ
+2γµνDµΥν + 3M−2P mγµΥµ− 6Dυ − 2M−2P mυ , (6.19)
where we also use the complex matrix
Gµν = Gµν − 2iF˜ quantµν . (6.20)
Using the combination as in the last equation of (6.11), we obtain the ‘master equation’
0 = Σµ− 12γµγνΣν =M2P 6Dψµ+mψµ−
(
M2PDµ − 12mγµ
)
γνψν−2Υµ−γµγ ·Υ+γµυ . (6.21)
So far, we have derived the master equation and the constraints for the gravitino without
specifying the gauge-fixing of the local supersymmetry. Now we may decide how to fix the
gauge. One possibility is to use the gauge where the ‘goldstino’ vanishes (see section 5.2)
possible Q-gauge: υ = 0 . (6.22)
This choice thus eliminates one more spin-1
2
fermion, as was the case with the S-gauge
(3.30). The eliminated fermion is the mode which is eaten by the gravitino to make it
massive. Note that υ1 is the goldstino which was already considered in [6]. In the application
considered there, the background was stationary and everywhere constant. The backgrounds
in cosmology may have some non-vanishing time derivatives on scalar fields and therefore in
the context of cosmology it is natural to change the choice of the goldstino such that also
the derivative mixing14 terms between the gravitino and the fermions are taken into account.
Note, however, that in (6.3) we can never eliminate all the derivative terms by a choice of
the goldstino. The sum which we consider here is preferred because of the supersymmetry
transformation property (5.13). The unitary gauge is a gauge where the massive gravitino
has both ±3
2
as well as ±1
2
helicity states.
Another possibility to gauge-fix the local supersymmetry is to use the condition γµψµ = 0.
We will consider such gauge-fixing in the context of the equivalence theorem in section 8.
13Under the Ka¨hler transformations, m behaves as a non-chiral quantity. Indeed, it is invariant under the
charge conjugation (see the end of appendix A). Non-chiral quantities do not transform as in (5.29), but
rather with a factor exp iwKγ5Λ, where wK is the weight of its left component, which here is m
∗. Thus, one
has, for example, the following Ka¨hler transformations:
m
′ = exp(iγ5Λ)m , ψ
′
µ = exp(− 12 iγ5Λ)ψµ , Υ′µ = exp(12 iγ5Λ)Υµ . (6.17)
14In section 7 we will assume that there are no vector fields in the background. Then the gaugino and the
gravitino are mixed only in the term (6.3).
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7 The cosmological background
7.1 Assumptions
We now go to the situation which is important for cosmology. We will consider a flat
Friedmann universe produced by inflation, with
ds2 = −dt2 + a2(t) dx2 . (7.1)
The change of variables dt = dη/a brings the metric to the ‘conformal’ form
gµν = a
2(η)ηµν , (7.2)
where η = x0 is the time coordinate (conformal time). The explicit forms for curvatures,
covariant derivatives, etc are discussed in appendix B. In this context, it will be necessary
to distinguish the flat gamma matrices from those with curved indices. We will denote by
γ0 and ~γ the components of flat matrices, i.e. γa. To make a bridge between the curved and
flat indices, it is useful to introduce the notation
6∂ = γaδµa∂µ , 6∂ = γµ∂µ = a−1 6∂ , γµ = δaµγa , γµ = δµaγa . (7.3)
Thus, for example, we have
γµψµ = a
−1γ¯µψµ = a
−1 (γ0ψ0 + ~γ · ~ψ) . (7.4)
Observe that ψ0 and ~ψ are components of ψµ.
A second assumption is that the vectors are zero (because they are scaled down by
inflation) and the scalars depend only on time (because inflation makes everything almost
exactly homogeneous). This has immediate consequences:
~Υ = 0 , υ2 = a−1γ0Υ0 ,
AB0 =
1
2
i
(
(∂iK)∂0φi − (∂iK)∂0φi
)
, ~AB = 0 , F quantµν = 0 , (7.5)
and we will denote the remaining component Υ0 as Υ for short. The graviton field equation
Sµν = 0 in (6.8) then implies that Gµν = Gµν is diagonal. Its components are the background
energy density and pressure, which we denote as ρ and p, such that, with curved indices,
(see (B.9))
G00 =M
−2
P ρ , G = −1l3M−2P p , (7.6)
where G denotes the 3× 3 matrix of spacelike components of Gµν . We obtain explicitly
ρ = |φ˙|2 + V , p = |φ˙|2 − V ,
φ˙ ≡ a−1∂0φ , |φ˙|2 ≡ gijφ˙jφ˙i , (7.7)
(see appendix B concerning the dot notation). Using the definition of the Hubble parameter
(B.7), the scalar field equation is
− Si = gij(φ¨j + 3Hφ˙j) + gjki φ˙jφ˙k + ∂iV = 0 , (7.8)
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where (6.9) gives a useful expression for ∂iV . This leads to
ρ˙ = −6H|φ˙|2 = −3H(ρ+ p) . (7.9)
The Sµν field equations are (see (B.9)),
ρ = 3M2PH
2 , p = −M2P (3H2 + 2H˙) , (7.10)
consistent with (7.9).
When the scalars are constant, depending on the sign of the cosmological constant (the
sign of the constant value of the scalar potential V ), the gravitational background is either
Poincare´ (V = 0) or de Sitter (V > 0) or anti-de Sitter (V < 0). This scalar potential is
V = VF + VD as in (5.3), and gives the contribution H
2 = 1
3
VM−2P to the Hubble constant
during inflation, see (B.10).
The third assumption is that for the fermions we use the plane-wave ansatz for the space-
dependent part (∼ ei~k·~x). We thus replace all ~∂ by i~k.
7.2 Super-Higgs effect in cosmology
Having these simplifications, we can rewrite the expression for the goldstino (6.4) and the
supersymmetry transformations (6.7), as
υ1L =
1
2
iPαλαL +miχi , υ2L = γ0niχi
υ1R = −12 iPαλαR +miχi , υ2R = γ0niχi
δχi = −12PLg−1ji ξjǫ , δλα = 12 iγ5(Re f)−1αβPβǫ . (7.11)
We introduced here a new notation. With
ni = gi
jφ˙j , n
i = gj
iφ˙j . (7.12)
we have
ξi ≡ mi + γ0ni , ξ†i ≡ mi − γ0ni
ξi ≡ mi + γ0ni , ξ†i ≡ mi − γ0ni . (7.13)
Note that the Hermitian conjugate of ξi is ξ†i , while its charge conjugate is ξi. In this
notation, the goldstino is
υ = υ1 + υ2 = ξ†iχi + ξ
†
iχ
i + 1
2
iγ5Pαλα . (7.14)
As we wrote already at the end of section 5.2, this has a non-zero transformation. We can
make this now explicit:
− 2δυ =
(
ξ†iPLg−1
j
i ξj + ξ
†
jPRg
−1j
i ξ
i + 1
2
Pα(Re f)−1αβPβ
)
ǫ = α ǫ . (7.15)
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We may write several expressions for α that will be useful below (using VD as in (5.3))
α = ξ†iPLg−1
j
iξj + ξ
†
jPRg
−1j
iξ
i + VD
= 1
2
(
ξ†ig−1jiξj + ξ
ig−1jiξ
†
j
)
+ VD
= mig−1jimj + n
ig−1jinj + VD
= |φ˙|2 +mig−1jimj + VD = |φ˙|2 + V+
= ρ+ 3M−2P |m|2 = 3(M2PH2 +M−2P |m|2)
= 3M2P (H
2 +m23/2) . (7.16)
The last line has several important implications. First of all, it shows that in a flat universe
(7.1) the parameter α is strictly positive15. This implies that supersymmetry is always
broken. The symmetry breaking is associated to an equal extent with the expansion of the
universe and with the non-vanishing gravitino mass (the term 3M2P (H
2 + m23/2)). This is
a rather interesting result because usually supersymmetry breaking is associated with the
existence of gravitino mass. Here we see that in an expanding universe the Hubble parameter
H plays an equally important role.
Once we have such a fermion and α > 0, we can split the spin-1
2
fermions into parts
which are invariant under supersymmetry and a part proportional to the goldstino. In fact,
the general rule for a set of spinors ̟Λ transforming under the symmetry as δ̟Λ(ǫ) is that
the combinations
̟Λ + δ̟Λ
(
2
α
υ
)
(7.17)
are invariant. For our case, we can write
gjiχj = Πˆi
jχj + Πˆijχ
j + Πˆiαλ
α +
1
α
PLξi υ ,
gijχ
j = Πˆijχj + Πˆ
i
jχ
j + Πˆiαλ
α +
1
α
PRξ
i υ ,
(Re fαβ)λ
β = Πˆα
jχj + Πˆαjχ
j + Πˆαβλ
β − i
α
γ5Pα υ , (7.18)
where
Πˆi
j = PL
(
gi
j − 1
α
ξiξ
†j
)
PL , Πˆij = − 1
α
PLξiξ
†
jPR , Πˆiα = −
i
2α
PLξ
†
iPα ,
15To avoid misunderstandings, we should note that, in general, one may consider the situations when
the energy density ρ is negative, The famous example is anti-de Sitter space with a negative cosmological
constant. However, in the context of inflationary cosmology, the energy density can never become negative,
so anti-de Sitter space cannot appear. The reason is that inflation makes the universe almost exactly flat.
As a result, the term ka2 drops out from the Einstein equation for the scale factor independently of whether
the universe is closed, open or flat. The resulting equation acquires the form that we use in this paper:(
a˙
a
)2
= H2 = ρ
3M2
P
. In the early universe, according to inflationary theory, ρ > 0. Then gradually the energy
density decreases, but it can never become negative even if a negative cosmological constant is present, as in
anti-de Sitter space. Indeed, the equation
(
a˙
a
)2
= ρ
3M2
P
implies that as soon as the energy density becomes
zero, expansion stops. Then the universe recollapses, and the energy density becomes positive again.
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Πˆij = − 1
α
PRξ
iξ†jPL , Πˆij = PR
(
gij − 1
α
ξiξ†j
)
PR , Πˆ
i
α =
i
2α
PRξ
†iPα ,
Πˆα
j =
i
α
PαξjPL , Πˆαj = − i
α
PαξjPR , Πˆαβ = Re fαβ − 1
2α
PαPβ .(7.19)
One can check that the transformations of the fermions on the left-hand sides of (7.18) are
provided only by the term proportional to the goldstino.
The projectors Πˆi
j and Πˆij have simple form in terms of m and n
Πˆi
j = PLΠi
j with Πi
j = gi
j − 1
α
(
mim
j + nin
j
)
,
Πˆij = PLγ0Πij with Πij =
1
α
(minj − nimj) . (7.20)
Note the properties
Πi
jg−1ij =
1
α
VD , Πij = −Πji , (7.21)
reflecting, for example, that the Π vanish for only one chiral multiplet and no vector multi-
plets.
Observe that in the Higgs effect as discussed usually, where the scalar background is
constant, the Πij and complex conjugates Π
ij vanish. Indeed, then ni = 0. The mixing
between the left and right chiralities of the χ fields is thus a new feature of this super-Higgs
effect in a background with time-dependent scalars16.
From now on, we adopt the unitary gauge (6.22). Then the fermion Υ has the expression
Υ = a(niχ
i + niχi) = −12aγ0(ξiχi + ξiχi) . (7.22)
Another useful expression that we will use below, can be derived by this, using PRξ
†iξjPR =
PRξ
iξ†jPR, and the vanishing of the goldstino:
PLξ
†iΥ = αaΠijχj . (7.23)
7.3 Constraints in the unitary gauge υ = 0.
The first constraint, (6.19), is an algebraic relation between γ0ψ0 and ~γ · ~ψ. This can now
be made explicit as
0 = −αγ0ψ0 + (α1 + γ0α2)θ + 4
(
a−1i~γ · ~k + 3
2
M−2P m̂
)
γ0Υ
α1 ≡ p− 3M−2P |m|2 , α2 ≡ 2m˙†
θ ≡ ~γ · ~ψ , and m̂ ≡m+M2PHγ0 , m̂† ≡m† −M2PHγ0 , (7.24)
16The definition of the goldstino in global supersymmetry in a time-dependent scalar-field background
with real scalars and without vector multiplets was given in [30]. It is similar to our definition for this
particular case. However, since no distinction was made in [30] between left and right chiral fermions, their
projector operators are different.
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where we have used that
a2γµνDµΥν =
(
i~γ · ~kγ0 + 3
2
a˙
)
Υ0 . (7.25)
On quantities of non-zero Ka¨hler weight, the dot denotes a Ka¨hler covariant derivative,
scaled as in (7.7), e.g.
m˙† = a−1D0m† = a−1
(
∂0 + iγ5A
B
0
)
m† , (7.26)
for which one may use the expression (6.18).
The explicit form of the scalar potential V , (5.3), is used to relate these quantities to
inner products of the vectors mi, ni or ξ and ξ
†, as we did for α in (7.16):
α1 = −mig−1jimj + nig−1jinj − VD = −12
(
ξ†ig−1ji ξj + ξ
ig−1ji ξ
†
j
)
− VD ,
α2 = 2m
ig−1jinjPL + 2n
ig−1jimjPR = γ0
(
ξ†iPRg−1
j
i ξ
†
j − ξiPRg−1ji ξj
)
,
α†2 = 2m
ig−1jinjPR + 2n
ig−1jimjPL = γ
0α2γ0 . (7.27)
Note that α, α1 and α2 are invariant under the charge conjugation, but α2 is not invariant
under Hermitian conjugation17. It is convenient to write these equations and (7.27) in the
following matrix form:(
mi
ni
)
g−1ji (mj nj ) +
(Pα
0
)
1
2
(Re f)−1αβ (Pβ 0 ) = 1
2
(
α− α1 α2PR + α†2PL
α2PL + α
†
2PR α + α1
)
.
(7.28)
The determinant of the last matrix is
1
4
α2∆2 ≡ 1
4
(α2 − α21 − |α2|2)
= ninj
[
mkm
ℓ
(
g−1ijg−1ℓk − g−1ikg−1ℓj
)
+ 1
2
g−1ijPα(Re f)−1αβPβ
]
= φ˙iφ˙jmkm
ℓ
(
g−1kℓ gi
j − δikδℓj
)
+ 1
2
|φ˙|2Pα(Re f)−1αβPβ ≥ 0 , (7.29)
(one can also use the explicit form of V and D0m, (6.18), to derive this relation). This
expression vanishes in the case of one chiral multiplet only. ∆2 is also related to the modulus
squared of Πij in (7.20):
Πijg−1ki g
−1ℓ
jΠkℓ =
1
2
∆2 − 2
α2
VDn
ig−1jinj . (7.30)
The constraint equation (7.24) is then
γ0ψ0 = Aˆθ + CˆΥ , (7.31)
where
Aˆ ≡ 1
α
(α1 + γ0α2) , Aˆ
† ≡ 1
α
(α1 − γ0α2) ,
Cˆ ≡ 4
α
(
a−1i~γ · ~k + 3
2
M−2P m̂
)
γ0 . (7.32)
17See appendix A, to see that (PL)
† = PL, but (PL)
C = PR.
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The matrix Aˆ can be written as
Aˆ = −ξ
†iPRg−1
j
iξ
†
j + ξ
†
jPLg
−1j
i ξ
†i + VD
ξ†iPLg−1
j
iξj + ξ
†
jPRg
−1j
iξ
i + VD
. (7.33)
It satisfies the equation
1− |Aˆ|2 = ∆2 ≥ 0 , and |Aˆ|2 = 1 in the case of 1 chiral multiplet only. (7.34)
A second constraint is obtained from the field equation Σ0 = 0, which does not involve a
time derivative. That equation leads to an algebraic expression for ~k · ~ψ in terms of θ:
i~k · ~ψ =
(
i~γ · ~k −M−2P am† − γ0a˙
)
θ . (7.35)
These constraints determine the independent components of ψµ. The first constraint
(7.31) can be solved for ψ0. We thus remain with ~ψ. In general, the 12 components of ~ψ
can be decomposed into 4 components of its transverse part ~ψT , 4 components of the trace
θ and 4 components of the trace ~k · ~ψ:
~ψ = ~ψT +
(
1
2
~γ − 1
2~k2
~k(~k · ~γ)
)
θ +
(
3
2~k2
~k − 1
2~k2
~γ(~k · ~γ)
)
~k · ~ψ , (7.36)
so that ~γ · ~ψT = ~k · ~ψT = 0. The transverse part ~ψT can be obtained from ~ψ with the
projector operator ~ψT = P~ψ:
P = 1l3 −
(
1
2
~γ − 1
2~k2
~k(~k · ~γ)
)
~γt −
(
3
2~k2
~k − 1
2~k2
~γ(~k · ~γ)
)
~kt , (7.37)
where the t denotes transpose vectors (no transpose of the gamma matrices). The projection
operator satisfies the properties
P~γ = P~k = ~γtP = ~ktP = 0 , Pγ0 = γ0P , ~γ · ~kP = P~γ · ~k . (7.38)
After the constraint (7.35) we have the on-shell decomposition for the longitudinal part
~ψ = ~ψT +
1
~k2
[
~k (~γ · ~k) + 1
2
i
(
3~k − ~γ(~k · ~γ)
) (
a˙γ0 +M
−2
P am
†)] θ . (7.39)
Thus, essentially there are two degrees of freedom associated with the transverse part ~ψT ,
which correspond to helicity ±3
2
, and two degree of freedom associated with θ (or ψ0) which
correspond to helicity ±1
2
. For vanishing mass, the transverse part ~ψT is conformal with
weight +1
2
. Meanwhile, two remaining degrees of freedom imprinted in θ are not conformal;
see the discussion after (2.9).
Equations (7.31), (7.44) and (7.39) for gravitinos, which we derived in this section, are
applicable for an arbitrary FRW metric. They are also applicable for vanishing gravitino
mass m. This takes place, for instance, in D-term inflation, where the superpotential W = 0
during and after inflation.
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7.4 Dynamical equations in the unitary gauge
We now derive dynamical equations for the transverse part, ~ψ, and the longitudinal part, θ,
of the gravitino. The latter part couples to the spin-1
2
fermions, and we thus have to also
consider their dynamical equations. For the dynamical equations, it will be convenient to
use the master equation, (6.21), using the constraint equations in the form (7.31) and (7.35).
We will first derive the equation for ~ψT . For this, consider the spacelike components of the
master equation (6.21). Useful intermediate steps are obtained from (B.8), complemented
with the Ka¨hler connection:
a 6D ~ψ =
(
6∂ + 1
2
a˙γ0 + 1
2
γ0iγ5A
B
0
)
~ψ − 1
2
a˙~γψ0 ,
a ~Dγµψµ = i~kγµψµ − 12 a˙~γ (ψ0 − γ0θ) . (7.40)
Applying the projector operator P to the spacelike part of the master equation (6.21),
we obtain (
6∂ + 1
2
a˙γ0 + 1
2
γ0iγ5A
B
0 +M
−2
P ma
)
~ψT = 0 . (7.41)
The transformation ~ψT = a−1/2~ΨT reduces the equation for the transverse part to the free
Dirac equation. This is the massive Dirac equation in an expanding universe.
Consider now the µ = 0 component of (6.21). Using again (B.8) complemented with the
Ka¨hler connection,
a 6Dψ0 =
(
6∂ + i1
2
γ0γ5A
B
0 +
1
2
a˙γ0
)
ψ0 − a˙θ ,
aD0γµψµ = γµaψ˙µ − a˙γµψµ , (7.42)
we have (
3
2
(M−2P ma− a˙γ0) + i~γ · ~k
)
ψ0 = θ˙ − 12M−2P maγ0θ + 3M−2P aΥ0 . (7.43)
For the following equations we introduce the notation ∂ˆ0 for the Ka¨hler-covariant derivative
18.
We thus have that aθ˙ = ∂ˆ0θ. On bosonic quantities ∂ˆ0 is the same as D0. With real
backgrounds, the Ka¨hler connection vanishes and ∂ˆ0 is just ∂0. Substituting ψ0 from (7.31)
into (7.43), we obtain an equation for θ:[
∂ˆ0 − 12M−2P maγ0 − γ0
(
3
2
M−2P am̂
† + i~γ · ~k
)
Aˆ
]
θ − 4
αa
~k2Υ = 0 , (7.44)
where we used (see (7.16))
m̂†m̂ = |m|2 +M4PH2 = 13M2Pα . (7.45)
Let us define
Bˆ = −3
2
a˙Aˆ− 1
2
M−2P maγ0(1 + 3Aˆ) = −12M−2P maγ0 − 32M−2P γ0am̂†Aˆ ,
Bˆ† = −3
2
a˙Aˆ† + 1
2
M−2P (1 + 3Aˆ
†)amγ0 , (7.46)
18The Ka¨hler transformations of some quantities appeared in footnote 13. Those that we encounter here
have θ′ = eiγ5Λ/2θ, Aˆ′ = eiγ5Λ/2Aˆe−iγ5Λ/2, Bˆ′ = eiγ5Λ/2Bˆe−iγ5Λ/2. For the covariant derivatives, this thus
means, for example, ∂ˆ0θ = ∂0θ−iγ5AB0 /2, or using the explicit form of AB0 in (7.5), θ˙ = a−1∂0θ+ 14γ5(φ˙i∂iK−
φ˙i∂
iK).
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to write (7.44) as (
∂ˆ0 + Bˆ − i~γ · ~kγ0Aˆ
)
θ − 4
αa
~k2Υ = 0 . (7.47)
This equation is not conformally invariant. In general, the parameters Aˆ and m are time-
dependent parameters during the fast rolling down and oscillations of the inflaton field. The
effects of the background metric and the scalar field variation cannot be eliminated by the
conformal transformation.
We now consider the equation of motion for the fermion Υ. To do so, consider
γ0φ˙iΣ
i = −a−2
(
∂ˆ0 + i~γ · ~kγ0 + 12 a˙
)
ΥR + χ
j
(
gj
iφ¨i + g
ik
j φ˙iφ˙k
)
+γ0φ˙i
(
mijχj +m
i
αλ
α
L
)
− 1
2
|φ˙|2a−1(−γ0ψ0L + θR) + 12γ0φ˙imi γ · ψR .(7.48)
Here again the Υ˙ contains Ka¨hler connection, while the Lorentz connection has been ex-
tracted using (B.8). We now use the scalar field equation (7.8) to rewrite this as
γ0φ˙iΣ
i = −a−2
(
∂ˆ0 + i~γ · ~kγ0 + 72 a˙
)
ΥR − (∂iV )χi + γ0φ˙imijχj + γ0φ˙imiαλαL
+1
4
a−1
[
(α + α1)(γ
0ψ0L − θR) + γ0α2(γ0ψ0R + θL)
]
= −a−2
(
∂ˆ0 + i~γ · ~kγ0 + 72 a˙
)
ΥR − 2M−2P a−1mγ0ΥL + ΞR
+1
4
a−1PRα
[
(1 + Aˆ†)γ0ψ0 − (1 + Aˆ)θ
]
. (7.49)
where
ΞR = −mkg−1kjmjiχi−iPα(Re f)−1αβmβiχi+γ0φ˙j
(
mjiχi +m
j
αλ
α
L
)
+iM−2P mPαλαR . (7.50)
For the second expression of (7.49) we used (6.9), whose first term is absorbed into a new
Υ term using (7.11) and υ2 = −υ1. Finally, using the constraint (7.31), the expression in
square brackets in the last line of (7.49) is (Aˆ†Aˆ− 1)θ + (1 + Aˆ†)CˆΥ. We thus obtain from
the field equation Σi = 0,[
∂ˆ0 + i~γ · ~kγ0 + 72 a˙− 14aα(1 + Aˆ†)Cˆ + 2maγ0
]
Υ− a2Ξ + 1
4
aα∆2θ = 0 . (7.51)
Using the explicit form of Cˆ, this is[
∂ˆ0 + i~γ · ~kγ0Aˆ + a˙(2− 32Aˆ†)− 12M−2P (1− 3Aˆ†)amγ0
]
Υ− a2Ξ + 1
4
aα∆2θ = 0 . (7.52)
We thus conclude that the transverse mode obeys a simple massive Dirac equation, (7.41),
while in the longitudinal mode we have a system of coupled equations. Using the quantities
Aˆ =
p− 3M−2P |m|2 + 2γ0m˙†
ρ+ 3M−2P |m|2
, (7.53)
and Bˆ defined in (7.46) we have as dynamical equations(
∂ˆ0 + Bˆ − i~γ · ~kγ0Aˆ
)
θ − 4
αa
~k2Υ = 0 ,[
∂ˆ0 + i~γ · ~kγ0Aˆ+ Bˆ† + 2a˙−M−2P amγ0
]
Υ− a2Ξ + 1
4
aα∆2θ = 0 . (7.54)
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They couple to the spinor Ξ, (7.50), which is, in general, another independent spinor, and
which, neglecting contributions of the vector multiplets, can be written as
Ξ = −ξkg−1jkmjiχi − ξkg−1kjmjiχi + vector mult. contr. . (7.55)
We can again extract its dynamical equation from (6.8), but in section 9 we will consider
two cases in which this is not necessary.
7.5 Higher-order equation for the longitudinal part of the grav-
itino
We can obtain a second-order equation for the longitudinal part of the gravitino, by applying
the operator that acts on Υ in the second line of (7.54) to the first line. First, note the
following property of Bˆ, defined in (7.46):
2B1 ≡ Bˆ + Bˆ† = −3a˙α1
α
+
3a
2α
M−2P
(
mα2 + α
†
2m
†) = aα˙
α
+ 3a˙ . (7.56)
Then we obtain,
0 =
1
αa
[
∂ˆ0 + i~γ · ~kγ0Aˆ+ Bˆ† + 2a˙−M−2P amγ0
]
αa
[
∂ˆ0 + Bˆ − i~γ · ~kγ0Aˆ
]
θ
−4
~k2
αa
[
a2Ξ− 1
4
aα∆2θ
]
=
[
∂ˆ0∂ˆ0 + ~k
2 + |Bˆ|2 + 2B1∂ˆ0 + a ˙ˆB − i~γ · ~kγ0a ˙ˆA
]
θ
−4a
~k2
α
Ξ +
(
2B1 −M−2P amγ0
) [
∂ˆ0 + Bˆ − i~γ · ~kγ0Aˆ
]
θ . (7.57)
As all the fermions are involved in this equation, due to the mixing with Ξ, this equation
will lead to higher-order equations, in general.
8 Gravitino–goldstino equivalence theorem at largeMP
The proof of the high-energy equivalence theorem relating S-matrix elements for helicity-±1
2
gravitinos to the corresponding goldstinos was given in [35], clarifying and generalizing the
original proposal given in [34]. The basic idea was to use the analogue of the Rξ gauges
as in the non-Abelian gauge theories. In the cosmological setting, when scalars are time
dependent, in the case of one chiral multiplet the relevant Rξ gauge was introduced in
[31]. In the limit when ξ → ∞ it is reduced to the analogue of the renormalizable gauge
−1
2
γµ 6∂φ1g11 ψµL + 12m1 γ ·ψR = 0. In the opposite limit, when ξ → 0, it becomes a unitary
gauge in which there is no goldstino, χ1 = 0. In the presence of many chiral and vector
multiplets and time-dependent scalars, the analogue of the renormalizable gauge in which
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the chiral spinors would decouple from gravitino, is not available. The equations for chiral
fermions are
gij 6Dχj +mijχj +miαλαL − 12γµ 6∂φjgjiψµL + 12mi γ · ψR = 0 . (8.1)
By a choice of a single fermionic gravitino-dependent function, in general, one cannot remove
both gravitino-dependent terms from the equations for χi. Still the nearest analogue of the
gravitino–goldstino equivalence theorem can be established in the cosmological background
when working in the gauge where γ · ψ = 0.
Consider the set of fermionic field equations in the cosmological background in the gauge
where γ · ψ = 0,
gij 6Dχj +mijχj +miαλαL − φ˙jgji ψ0L = 0 ,
(Re fαβ) 6DλβL + 2miαχi + 2mRαβλβR − 14
(
f iαβ 6∂φi − fαβ i 6∂φi
)
λβL = 0 . (8.2)
The gaugino has already decoupled from the gravitino. However, the presence of the ψ0
term in the equations for the chiral fermions shows that, in general, the chiral fermions χi
are mixed with the gravitino. The gravitino master equation (6.21) in the gauge γ ·ψ = 0 is
M2P 6Dψµ +mψµ − 2Υµ − γµγ ·Υ+ γµυ = 0 . (8.3)
Thus equations for the gravitino and the chiral fermions are mixed in this gauge and only the
gaugino is decoupled. At this stage it is not clear why starting with the global supersymmetry
equations for χ, decoupled from the gravitino, one can hope to find the same result as in
supergravity in the spirit of the equivalence theorem. However, now we may consider an
approximation to this system of equations where MP is large and the geometry tends to a
flat one. The 0-component of the gravitino equation becomes
6∂ψ0 +M−2P (mψ0 − 3Υ + aγ0υ) = 0 , (8.4)
and the equations for the other fermions in this approximation reduce to
gij 6∂χj +mijχj +miαλαL − φ˙jgji ψ0L = 0 ,
(Re fαβ) 6∂λβL + 2miαχi + 2mRαβλβR − 14
(
f iαβ 6∂φi − fαβ i 6∂φi
)
λβL = 0 . (8.5)
In the large-MP limit, the gravitino equation (8.4) reduces to 6∂ψ0 = 0 and it has a consistent
solution with ψ0 = 0. Note that without such an approximation, ψ0 = 0 is not consistent
with (8.4) and thus the chiral fermions are not decoupled when the scalars depend on time,
φ˙ 6= 0.
Thus in the gauge γ · ψ = 0 in the limit of large MP the equations for matter fermions
as obtained in supergravity (with the rescalings corresponding to the fields of the original
superconformal theory) are
gij 6∂χj +mijχj +miαλαL = 0 ,
(Re fαβ) 6∂λβL + 2miαχi + 2mRαβλβR − 14
(
f iαβ 6∂φi − fαβ i 6∂φi
)
λβL = 0 . (8.6)
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Those are precisely the equations of global supersymmetry.
The fact that in the gauge γ · ψ = 0 one has ψ0 = 0, implies that in this gauge one
does not have gravitinos with helicity 1
2
. One can derive an equation for the goldstino
υ = ξ†iχi + ξ
†
iχ
i + 1
2
iγ5Pαλα directly from the system of equations for the fields φi, χi and λ
of the globally supersymmetric theory. This can be done ignoring gravitinos, which decouple
from φi, χi and λ in the limit MP → ∞ in the gauge γ · ψ = 0 with ψ0 = 0. Then one
should find a solution of the goldstino equation and make a transformation from the gauge
γ · ψ = 0 to the unitary gauge, in which the goldstino becomes the helicity-1
2
component of
the gravitino.
That is why the component of the gravitino with helicity 1
2
in the limit Mp → ∞ must
satisfy the same equation as the goldstino in the underlying globally supersymmetric theory.
This conclusion should be valid for the theories including any number of scalar and vector
multiplets. In the particular case with an arbitrary number of scalar multiplets but without
vector multiplets, our conclusion can be verified by a direct comparison of our equations for
the gravitino with the equations for the goldstino derived in [30].
In the next section we will present the system of equations for the gravitino and other
fermions in the unitary gauge in the limit of large MP and compare it with the equations for
the goldstino derived in global supersymmetry in [30]. In the case with two chiral multiplets,
this will be done in detail. The equivalence theorem presented above, explains the reason
why the equation for the goldstino derived from decoupled equations for the chiral fermions,
gives a correct equation for the helicity-±1
2
gravitino at large MP .
This result is most important for the theory of gravitino production because it shows that
the rate of their production can be as large as the rate of production of usual matter fields
of the globally supersymmetric theory, i.e. it is not suppressed by the small gravitational
coupling. In other words, one can expect that the density of gravitinos soon after inflation
can be as large as the density of other fermions. In some theories their density can be much
smaller than the density of bosons after inflation. Also, gravitinos can be diluted or can be
converted to other particles. However, the gravitino–goldstino equivalence theorem implies
that gravitino production in the early universe can potentially be quite significant.
9 Gravitino equations with one and two chiral multi-
plets
In order to have a closed set of equations, we consider the coupling of the supergravity
multiplet to just one and then two chiral multiplets.
9.1 One chiral multiplet
Let us show how the gravitino equations for 1 chiral multiplet [22]–[28], follow from the
general case studied above.
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First of all, consider (7.41) for the transverse gravitino component. This equation, in the
simplest case of real scalars, when AB0 vanishes, can be represented as follows:(
γ0∂0 + i~γ · ~k + ΩT
)
~ΨT = 0 , ~ΨT ≡ a1/2 ~ψT . (9.1)
where the effective mass is ΩT = m3/2(η)a(η). In the limit of vanishing gravitino mass, the
transverse part ~ΨT is conformal with a weight +1
2
. Equation (9.1) is the free Dirac equation
with a time-varying mass term. It is well known how to treat this type of equations (see, e.g.,
[58]). Acting on the equation with the Hermitian conjugate operation
(
−γ0∂0 − i~γ · ~k + ΩT
)
gives rise to the second-order equation(
∂20 + k
2 + Ω2T − γ0Ω′T
)
~ΨT = 0 . (9.2)
The matrix γ0 can be diagonalized to ±i.
As usual, the situation with the longitudinal component is more complicated. If there is
only one chiral multiplet, and there are no vector multiplets, then there is only one spin-1
2
fermion, which is thus the goldstino. Therefore, Υ and Ξ are proportional to the goldstino
and vanish in the unitary gauge. Also, as written in (7.34), the quantity ∆2 = 1 − |Aˆ|2
vanishes, and thus the second line of (7.54) is satisfied in a trivial way. Therefore, in this
case there remains only one first-order equation for the longitudinal part of the gravitino, θ,(
∂ˆ0 + Bˆ − i~γ · ~kγ0Aˆ
)
θ = 0 , (9.3)
and Aˆ2 = 1. The relevant constraint for the longitudinal part is (7.31), reducing to
γ0ψ0 = Aˆθ . (9.4)
This is the key equation explaining why gravitinos are efficiently produced in an expanding
universe. The constraint equation in Minkowski space would be γ0ψ0 = −θ = −~γ · ~ψ.
Meanwhile, as we will see soon, the matrix Aˆ in an expanding universe dominated by the
oscillating field φ rotates with a frequency twice as great as the frequency of oscillation
of the scalar field φ (not suppressed by M−1P ). This may lead to non-adiabatic changes
in the wavefunction of the gravitino component with helicity 1
2
, which results in gravitino
production [22].
The differential equation (9.3) is an unusual equation, which at first glance indicates the
non-permissible strongest effect for the largest k. In fact, it is not so, and equation (9.3) can
be reduced to a physically more transparent equation. The second-order equation in (7.57)
reduces to the first line, and, inserting Aˆ†Aˆ in the last term, it can be written as[
∂ˆ0∂ˆ0 + ~k
2 + |Bˆ|2 + 2B1∂ˆ0 + a ˙ˆB − a ˙ˆA
†
Aˆ
(
∂ˆ0 + Bˆ
)]
θ = 0 . (9.5)
We now restrict ourselves to real scalars19 and use the relation m3/2 = |m|M−2P . Then
the expression (7.46) gives
Bˆ = B1 + γ0B2 = −32 a˙Aˆ− 12γ0m3/2 a(1 + 3Aˆ) ,
19Here and below, when we consider real scalars, we also assume that W is real.
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Bˆ† = B1 − γ0B2 = −32 a˙Aˆ† + 12m3/2 a γ0(1 + 3Aˆ†) ,
B1 =
3
2α
(
−a˙α1 +m3/2aα2
)
, B2 = − 1
2α
(
3a˙α2 +m3/2a(α + 3α1)
)
, (9.6)
(also see (7.56) for B1). We can split the spinors into eigenvectors of γ0
θ = θ+ + θ− , θ± = 12(1∓ iγ0)θ ,
θ±(~k)∗ = ∓Cθ∓(−~k) , (9.7)
where the last line follows from the Majorana condition, with C the charge conjugation
matrix. In a representation with diagonal γ0, the components θ± correspond to the γ0-
eigenvalues ±i. Choosing for each k a spinor basis u1,2(k) for the two components of θ+, and
two independent solutions of the differential equations f1,2(k, η), the general solution is thus
in the variables of (9.7)
θ+ =
2∑
α,β=1
aαβ(k)fα(k, η)uβ(k) , θ− = −C−1
2∑
α,β=1
a∗αβ(−k)f ∗α(−k, η)u∗β(−k) . (9.8)
On the θ+ components the differential equation is then[
∂20 + 2 (B1 + iaµ) ∂0 +
(
~k2 + |B|2 + (∂0B) + 2iBaµ
)]
f(k, η) = 0 , (9.9)
where B now stands for B1 + iB2,
A =
1
α
(α1 + iα2) , µ ≡ i
2
A˙∗A =
i
2
A˙∗
A∗
, (9.10)
and µ is real due to |A|2 = 1. An explicit expression for µ is derived in appendix D:
µ =
(
m11 +m3/2
)
+ 3(Hφ˙−m3/2m1) m1
φ˙2 +m21
, (9.11)
Now we have to find the properties of the function f(k, η). Equation (9.9) can be simpli-
fied significantly further. We can reduce this equation to an oscillator-like equation by the
substitution
f(k, η) = E(η)y(k, η) E(η) = (−A∗)1/2 exp
(
−
∫ η
dη B1(η)
)
. (9.12)
Then equation (9.9) is reduced to the final equation(
∂20 + k
2 + Ω2 − i(∂0Ω)
)
y = 0 , (9.13)
where Ω = −B2 + aµ. Taking A = 1 at t = −∞, and using (9.10), we can write (dt = a dη)
A∗ = − exp
(
−2i
∫ t
−∞
dt µ(η)
)
. (9.14)
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Thus, the character of the solution of the longitudinal gravitino component is ultimately
defined by the matrix A in terms of the phase function µ(η). The effective frequency Ω and
mass m˜ of the gravitino with helicity ±1
2
is given in terms of µ:
m˜ ≡ Ω
a
= µ+
3
2α
Hα2 +
1
2α
m3/2 (α + 3α1)
= µ− 3
2
H sin 2
∫
dt µ+ 1
2
m3/2
(
1− 3 cos 2
∫
dt µ
)
. (9.15)
These results [22] coincide with the results obtained later in [27], up to the difference in
notation20.
9.2 Two chiral multiplets
Let us consider a slightly more complicated case, when the supergravity multiplet couples
to two chiral multiplets, and we again allow complex scalars. Then there are at first 2 spin-1
2
fields. However, one is the goldstino mode, and one remains. This is thus the Υ spinor, but,
as there is no other spin-1
2
left, also Ξ should be proportional to it,
Ξ = −a−1FˆΥ , (9.16)
where Fˆ is a matrix that we will determine. Therefore, in this case we can still suffice with
the dynamical equations (7.54), and do not need to extract a further dynamical equation for
Ξ.
If there are only two chiral multiplets, then Πij has only one non-vanishing component,
Π12 = −Π21. Also the factors g−1 in (7.30) then reduce to the determinant of the Ka¨hler
metric, so that this equation reduces to
|Π12|2 = 14∆2 det g . (9.17)
Therefore, equation (7.23) leads to an expression of χi in terms of Υ:
ΠijPLξ
†jΥ = −1
4
aαχi∆
2 det g . (9.18)
Therefore, we have in this case (9.16) with
Fˆ = − 4
α∆2 det g
[
ξkPRg
−1ℓ
kmℓiΠ
ijξ†j + ξkPLg
−1k
ℓm
ℓiΠijξ
†j] . (9.19)
We may thus now use (9.16) in either the first-order equations (7.54) or in the second-
order equation (7.57). This gives for the case of 2 chiral multiplets either(
∂ˆ0 + Bˆ − i~γ · ~kγ0Aˆ
)
θ − 4
αa
~k2Υ = 0 ,(
∂ˆ0 + i~γ · ~kγ0Aˆ + Bˆ† + aFˆ + 2a˙−M−2P amγ0
)
Υ+ 1
4
aα∆2θ = 0 , (9.20)
20A detailed comparison of our results with those of [27, 30] requires some work because of differences in
notation, which are not always explicitly defined in [27, 30].
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or
0 =
[
∂ˆ0∂ˆ0 + ~k
2 + |Bˆ|2 + 2B1∂ˆ0 + a ˙ˆB − i~γ · ~kγ0a ˙ˆA
]
θ
+
(
2B1 + aFˆ −M−2P amγ0
) [
∂ˆ0 + Bˆ − i~γ · ~kγ0Aˆ
]
θ . (9.21)
In the case of real backgrounds, one may neglect the hat on the ∂0 derivative, and m is then
just m = m =M2Pm3/2.
9.3 The limit of large MP
Now let us consider the limit MP → ∞. In this limit one can neglect expansion of the
universe and put a(t) = 1. This removes the difference between the usual time t and the
conformal time η. One can omit all time derivatives of the scale factor, all B-terms, as well
as the terms containing M−2P in the dynamical equations. We will consider here the theory
with no contributions of vector multiplets and a minimal Ka¨hler potential, K =M−2P φiφi so
that in the limit MP →∞ one can take
gji = δ
j
i , mi = Wi =
∂W
∂φi
, ni = φ˙i , mij =Wij =
∂2W
∂φi∂φj
. (9.22)
This implies that
ξk =Wk + γ0φ˙k , ξ
†
k =Wk − γ0φ˙k , (9.23)
with derivative
γ0ξ˙i =Wijξ
j , γ0ξ˙
†
i = −Wijξ†j . (9.24)
Furthermore, in this limit, we have a simpler expression for Aˆ. One has
α = ρ , α1 = p , α2 = W˙ + W˙
∗ + γ5(W˙ − W˙ ∗) ,
Aˆ =
p
ρ
+ γ0
α2
ρ
. (9.25)
For a real background α2 = 2W˙ , and
Aˆ =
p
ρ
+
2γ0W˙
ρ
, ∆2 ≡ 1− |Aˆ|2 . (9.26)
The linear equations reduce to
(
∂0 − i~γ · ~kγ0Aˆ
)
θ − 4
ρ
~k2Υ = 0 ,[
∂0 + i~γ · ~kγ0Aˆ
]
Υ− Ξ + 1
4
ρ∆2θ = 0 . (9.27)
Here
Υ = −1
2
γ0(ξiχ
i + ξiχi) , Ξ = −ξjWjiχi − ξjW jiχi . (9.28)
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The chiral fermions satisfy the constraint (see (7.14))
υ = ξ†iχi + ξ
†
iχ
i = 0 . (9.29)
One can compare the large-MP gravitino equation coupled to the chiral fermions, constrained
as shown in (9.29), with the relevant system of equations presented for the goldstino in global
supersymmetry in [30]. Taking into account the difference in notation and the treatment of
right and left chiral fermions, one can identify equations (34)–(37) of [30] with our equations
presented above and derived from the large-MP limit of supergravity.
We may also present our equations as a quadratic equation with Υ excluded.
θ¨ +
[
~k2 − i~γ · ~kγ0 ˙ˆA
]
θ − 4
~k2
ρ
Ξ = 0 . (9.30)
Here again taking account of the difference in notation one can recognize equation (38) in [30].
Thus we have shown that the equations for a helicity-±1
2
gravitino in the limit of large MP
coincide with equations for the goldstino that can be derived within the framework of global
supersymmetry from equations for chiral fermions and scalars. The large-MP equivalence
theorem proved in section 8 has explained the reason for this.
9.4 One chiral multiplet in the limit of large MP
It is instructive to consider a weak-coupling limit MP →∞ of the gravitino equation (9.13)
for a single chiral multiplet. As we just mentioned, in this limit one has a(t) = 1, and the
conformal time η is equal to the coordinate time t. A lengthy expression for the effective
gravitino mass (9.15) with µ given by (D.6) is reduced to the very simple form
Ω = m˜ = µ = m11 = ∂
2
φW . (9.31)
This is the mass of the chiral fermion field χ in the weak-coupling limit (i.e. at MP →∞).
Also, in this limit we have from (9.12) and (9.14) that E(η) = e−i
∫
dt µ. Therefore,
f(k, t) = e−i
∫
dt µ y(k, t) , (9.32)
see (9.12). Removing the overall factor e−i
∫
dt µ into the field redefinition, one can investigate
the gravitino production by solving equation (9.13) with time-dependent effective mass Ω.
Let us now compare this result with the properties of the goldstino. We have (9.29), and,
using (9.24) in the case of a single real scalar field, we obtain
ξ†1 = ξ†1 = ρ
1/2eγ0
∫
dtµ, (9.33)
where ρ is the energy density of the background scalar field; it is constant in the weak-
coupling limit. Finally, we obtain
υ = ρ1/2eγ0
∫
dt µ (χ1 + χ
1). (9.34)
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Here chiral fermions χ1 and χ
1 obey the Dirac equation with mass µ and without gravity
(a(t) = 1).
According to the gravitino–goldstino equivalence theorem, in the limit of weak gravita-
tional coupling the longitudinal gravitino θ has the same properties of the goldstino υ, which
is proportional to the symmetric combination (χ1 + χ
1) of the right and left components of
the chiral fermion χ (‘inflatino’ in the context of inflation). It can be shown directly that
(9.34) is a solution of the gravitino equation (9.3), in the limit MP →∞.
As was demonstrated in [22, 27], equation (9.13) describes the creation of gravitinos in
cosmological backgrounds of varying a(t) and φ(t). The most important result, however,
is that even in the weak-coupling limit MP → ∞, the effect does not disappear. This is
because the longitudinal gravitino couples to the time-dependent scalar background in the
same way as the goldstino.
9.5 Two chiral multiplets in the limit of large MP
Let us consider the case with 2 scalar fields. In this case one can use (9.30) and relation
Ξ = −FˆΥ, to obtain the following second-order equation for θ:
θ¨ +
[
~k2 − i~γ · ~k γ0 ˙ˆA+ Fˆ (∂ˆ0 − i~γ · ~k γ0 Aˆ)
]
θ = 0 . (9.35)
If, for simplicity, one considers two real scalar fields, there is no difference between upper
and lower indices. Then one has
∆ = 2Π12 =
2
ρ
(
W1φ˙2 −W2φ˙1
)
. (9.36)
Therefore, the expression for Fˆ reads (with ε12 = −ε21 = 1)
Fˆ = − 2
ρ∆
ξkWkiε
ijξ†j = −
γ0(ξ˙1ξ
†
2 − ξ˙2ξ†1)
W1φ˙2 −W2φ˙1
. (9.37)
Up to the difference in notation, our equation for the helicity-1
2
gravitino in the limit
Mp →∞, (9.35), coincides with the equation for the goldstino obtained in [30] in the context
of a globally supersymmetric theory. This is exactly what one could expect in accordance
with the gravitino–goldstino equivalence theorem, which should be valid for any number of
chiral and vector multiplets in the limit MP →∞ (see section 8).
This implies that the goldstino υ = ξ†iχi+ξ
†
iχ
i, with all terms taken in the limitMP →∞,
satisfies the gravitino equation (9.35). Thus, instead of trying to solve (9.35) directly, which
can be rather complicated, one may try to find time-dependent solutions for φi and χi, which
can be much simpler. Then one should build from them the combination ξ†iχi + ξ
†
iχ
i. This
combination should solve the gravitino equation (9.35).
This method is not quite sufficient for the investigation of the problem of gravitino pro-
duction because the initial conditions for the wavefunction of gravitinos should be formulated
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in terms of gravitinos (because they correspond to physical degrees of freedom) rather than
in terms of χi and φi. Moreover, in some important cases which we are going to discuss
later, the limit MP → ∞ is inadequate at intermediate stages of the gravitino production.
Still the method described above can be very useful if one wants to increase one’s intuition
by working with extremely complicated equations for the gravitino in theories with several
chiral multiplets.
For example, let us consider a model describing several chiral multiplets. In simple cases
when the mass matrix mij is diagonal, mij = δijµi, the combination υ = ξ
†iχi + ξ
†
iχ
i has a
transparent form
υ =
∑
i
ρ
1/2
i e
γ0
∫
dt µi(χi + χ
i) , (9.38)
where ρi is a fraction of total energy in the scalar field φi:
ρi = ξ
†
i ξi , ρ =
∑
i
ρi . (9.39)
It would be rather difficult to find this solution by solving (9.35) directly. For example,
in the qualitative analysis of this equation performed in [30] it was assumed that ∆ never
vanishes and the matrix Fˆ is non-singular. Let us consider, however, the simplest model of
two non-interacting chiral fields with W = µ
2
φ21 + ζφ2 + β. This model mimics the theory
involving the chiral field φ1 with mass µ and the Polo´nyi [48] field φ2 in the hidden sector.
Equations for the scalar fields in this theory have a solution φ1 = C cosµt (with C > 0) and
φ2 = 0, which gives
ξ1 = µCe
−γ0µt , ρ1 = (µC)2 , ξ2 = ζ , ρ2 = ζ2 ,
∆ =
2(ρ1ρ2)
1/2 sinµt
ρ
, Fˆ = −µ e
γ0µt
sinµt
. (9.40)
Thus we see that ∆ vanishes and the matrix Fˆ blows up each time when sinmt = 0.
A similar result appears if one considers a theory of two non-interacting oscillating fields
φi with masses µi and superpotentials
µi
2
φ2i . In this case, for the solutions φ1 = Ci cosµit,
one has
∆ =
2(ρ1ρ2)
1/2 sin(µ1 − µ2)t
ρ
, Fˆ = −µ1e
γ0(µ2−µ1)t − µ2eγ0(µ1−µ2)t
sin(µ1 − µ2)t . (9.41)
Thus the matrix Fˆ is generically singular, so one should be very careful in investigating
the gravitino equation in the form (9.35). One of the sources of this problem is obvious: we
wanted to write a single equation for the gravitino (or goldstino), which is a complicated
time-dependent combination of several other fields. Even if each of these fields changes
in a simple way, the evolution of their nonlinear combination can be pretty complicated.
Therefore, one should try to find the best way to investigate this equation and to study the
gravitino production, depending on the choice of a particular model.
As a useful step in this direction, one may try to establish some relation between the
cases of one and two chiral multiplets. With this purpose, we will return to the original
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system of equations (9.20) for 2 chiral multiplets, and present them in the large-MP limit:(
∂0 − i~γ · ~kγ0Aˆ
)
θ − 4
ρ
~k2Υ = 0 ,(
∂0 + i~γ · ~kγ0Aˆ+ Fˆ
)
Υ+ 1
4
ρ∆2θ = 0 . (9.42)
Now let us consider, as an example, a generic model of two real non-interacting fields φi and
take into account that ∆ = 2
ρ
(
W1φ˙2 −W2φ˙1
)
and |Wi|, |φ˙i| ≤ √ρi. This implies that
∆2 ≤ 16ρ1ρ2
ρ2
. (9.43)
This inequality agrees with (9.40) and (9.41).
In the early universe one often encounters situations when the energy densities ρi of
different fields differ from each other by many orders of magnitude. Suppose that in the
early universe ρ ≈ ρ1 ≫ ρ2. Then one finds that ∆2 ≤ 16ρ2ρ1 ≪ 1.
Let us substitute Υ from the first of equations (9.42) to the second one. This gives(
∂0 + i~γ · ~kγ0Aˆ+ Fˆ
) (
∂0 − i~γ · ~kγ0Aˆ
)
θ + ~k2∆2θ = 0 . (9.44)
In the limit ∆2 ≪ 1 the last term in this equation vanishes as compared with ~k2A2θ.
Omitting ~k2∆2θ leads to the equation (∂0 + i~γ · ~kγ0Aˆ + Fˆ )(∂0 − i~γ · ~kγ0Aˆ)θ = 0 which is
solved by the solutions of the one multiplet equation (∂0 − i~γ · ~kγ0Aˆ)θ = 0.
One could come to a similar conclusion in a different way. From the expression for
the goldstino (9.38) (which was obtained in the limit MP → ∞, assuming that the matrix
mij is diagonal) one may conclude that if, say, ρ1 is much greater than all other ρi, the
expression for the goldstino will be the same as in the theory of a single chiral field: υ =
ρ
1/2
1 e
γ0
∫
dt µ1(χ1+χ
1). Therefore, in this case the equation for the goldstino (and, accordingly,
the equation for the gravitino in the large-MP limit) will be the same as in the theory of a
single chiral multiplet.
Thus, in the situations when the energy density of the universe is dominated by one
particular scalar field, which does not interact with other scalars, or if ∆2 ≪ 1 for any
other reason, the gravitino equation can be reduced to the equation in the theory with one
multiplet, which is much easier to solve. This may help to find the solution to the gravitino
equations at some particular stages of the process; the main complication appears when the
energy density of various fields become of the same order. We will discuss this issue later.
Another lesson is that it may be useful to rearrange (9.35) in an equivalent form that
does not contain singular functions:
(∂ˆ0 − i~γ · ~k γ0 Aˆ)θ + Fˆ−1
[
θ¨ + (~k2 − i~γ · ~k γ0 ˙ˆA)θ
]
= 0 . (9.45)
The term proportional to Fˆ−1 in this equation appears because of the existence of two
multiplets. In those cases when the solution of the one-multiplet equation (∂ˆ0−i~γ ·~k γ0 Aˆ))θ =
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Figure 1: The constraint on the ratio n3/2/s that follows from the theory of nucleosynthesis,
according to M. Kawasaki and K. Kohri. The allowed values for n3/2/s are below the full (or
broken) curve. The two curves correspond to the two slightly different observational results
concerning the cosmological abundance of 4He. We are grateful to Kawasaki and Kohri for
permission to present their results in our paper.
0 is a good approximation to the exact solution, one should be able to verify that the term
proportional to Fˆ−1 is small.
Finally, in this section we shall note that (θ,Υ) is not the only possible basis when we
work with two chiral multiplets in the unitary gauge. On can try, for example, to work with
θ and Ξ, or with another combination of χ1, χ2 instead of Υ and Ξ.
10 Towards the theory of the gravitino production in
the early universe
There are many different versions of phenomenological supergravity, each giving its own
predictions for the mass of the gravitino. In the standard textbook version [8, 9, 11, 23, 24]
the gravitino mass is supposed to be of the same order as the electroweak scale, m3/2 ∼ 102–
54
103 GeV. Such particles decay very late, and lead to disasterous cosmological consequences
unless the ratio of the number density of gravitinos n3/2 to the entropy density s is extremely
small. For example, the ratio of the number density of gravitinos n3/2 to the entropy density
s should be smaller than O(10−15) for gravitinos with mass O(100) GeV [23, 24]. This
constraint depends on the value of the gravitino mass, as shown in figure 1.
It would be very interesting to apply the results of our investigation to the problem of
gravitino production in the early universe in realistic cosmological models based on super-
gravity. However, this complicated problem comes in the same package with the cosmological
moduli problem. Also, to obtain a completely consistent scenario, one should simultaneously
find a natural realization of the inflationary scenario in supergravity. In this paper we will
only briefly discuss certain features of the theory of gravitino production after inflation. We
hope that our comments will be helpful for future studies of this issue.
10.1 Initial conditions
One could expect that the gravitino production may begin already at the stage of inflation,
due to the breaking of conformal invariance. However, there is no massive particle production
in de Sitter space. Indeed, expansion in de Sitter space is in a sense fictitious; one can
always use coordinates in which it is collapsing or even static. An internal observer living
in de Sitter space would not see any time dependence of his surroundings caused by particle
production; he would only notice that he is surrounded by particle excitations at the Hawking
temperature H/2π.
Still it may be important to incorporate an investigation of the gravitino during inflation
in order to set initial conditions for the subsequent stage of gravitino production. During
inflation we cannot assume that the gravitational coupling is weak. In this situation, there
is no simple interpretation of the effect with the gravitino in terms of the components of the
goldstino.
For simplicity, consider the de Sitter background, where all time derivatives of the scalar
fields vanish, φ˙i = 0. In this case m˙ = 0, p = −ρ, thus the parameter A = −1. We can
also choose the VEVs of scalars in real directions, so that their imaginary parts vanish.
Equation (7.44) in this case is reduced to (Υ = 0 as scalars are constant, and therefore we
can use below the equations for one multiplet)(
∂0θ + ~γ · ~∂ + 32 a˙+m3/2aγ0
)
θ = 0 . (10.1)
Also, in this case θ = −γ0ψ0. Then, equation (10.1) can be rewritten as(
6∂ + 3
2
a˙γ0 +m3/2a
)
ψ0 = 0 . (10.2)
A simple conformal transformation ψ0 = a
−3/2Ψ0 reduces this equation to the Dirac equation
in flat spacetime, (
6∂ +m3/2a
)
Ψ0 = 0 . (10.3)
Note that the degrees of freedom associated with the helicity ±1
2
in de Sitter space have
conformal properties of fermions with spin 1
2
.
55
The transversal gravitino component ψTi can after the transformation ψ
T
i = a
−1/2ΨTi
be reduced to the same equation (10.3). Therefore, further results will be valid for both
helicities. In terms of (9.13) we have B1 = −32 a˙, µ = 0, Ω = −B2 = −m3/2 a. The factor of
E(η) in (9.12) is equal to a3/2. Therefore, the factor y(k, η) in the expression for Ψ0 (or θ)
and ΨT satisfies the equation
∂20y +
(
k2 +m23/2a
2 + im3/2aa˙
)
y = 0 . (10.4)
For a(η) = − 1
Hη
, −∞ < η < 0 (which is C = 0 in (B.10)), the exact solution of (10.4)
with the vacuum-like initial condition y(k, η) = 1√
2
e−ikη for η → −∞ is given by
y(k, η) =
1
2
√
πk|η| exp
(πm3/2
2H
)
H(1)1
2
−im3/2/H(|kη|) , (10.5)
where H(1) are Hankel functions [49].
Although equations for the gravitino at the de Sitter stage in the unitary gauge turn out
to be decoupled from the chiral fermions and gauginos, equations for chiral fermions and
gauginos at this stage are not decoupled from the gravitino.
Gravitino production may occur at the stage of inflation due to the (slow) motion of the
scalar field, but the most interesting effects occur at the end of inflation, when the scalar
field φ rolls rapidly down toward the minimum of its effective potential V (φ) and oscillates
there. During this stage the vacuum fluctuations of the gravitino field are amplified, which
corresponds to gravitino production.
This effect depends on the detailed structure of the theory. First we will comment on
the theory of gravitino production in the models with one chiral multiplet, and then we will
make some comments on this process in more realistic models with several multiplets.
10.2 Theories with one chiral multiplet
Production of gravitinos with helicity 3
2
in the theory with one chiral multiplet is described
in terms of the mode function yT (η). This function obeys equation (9.2) with ΩT = m3/2a,
which is suppressed by M−2P . Non-adiabaticity of the effective mass ΩT (η) results in the
departure of yT (η) from its positive-frequency initial condition e
ikη, which can be interpreted
as particle production. The theory of this effect was investigated in [25, 26, 22, 27, 30]; it
is completely analogous to the theory of production of usual fermions of spin 1
2
and mass
m3/2 [58]. Indeed, (9.2) coincides with the basic equation that was used in [58] for the
investigation of production of Dirac fermions during preheating.
The description of production of gravitinos with helicity 1
2
is similar but somewhat more
involved. The wavefunction of the helicity-1
2
gravitino is a product of the factor E(η) and the
function y(η). The factor E(η) does not depend on momenta and controls only the overall
scaling of the solution. It is the function y(η) that controls particle production which occurs
because of the non-adiabatic variations of the effective mass parameter m˜ = Ω(η)/a(η). The
function y(η) obeys equation (9.13) with effective mass m˜, which is given by the superposition
(9.15) of all three mass scales in the problem: µ, H and m3/2.
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In different models of the inflation, different terms of m˜ will have a different impact
on the helicity-1
2
gravitino production. The strongest effect usually comes from the largest
mass scale µ, if it is varying with time. This makes the production of gravitinos of helicity
1
2
especially important.
To fully appreciate this fact, we will consider several toy models where the effective
potential at the end of inflation has a simple shape such as V ∼ φn. We will not discuss
here the problem of finding superpotentials which lead to such potentials (and inflation) at
φ > MP [59], because we are only interested in what happens after the end of inflation,
which occurs at φ ∼MP .
First, consider the superpotential W = 1
2
mφφ
2. Here we will consider real fields φ and
switch to the minimally normalized field, φ → φ/√2. At φ ≪ MP it leads to the simple
quadratic potential V =
m2φ
2
φ2. The parameter µ in this case coincides with the inflaton
mass mφ. In a realistic inflationary model one should take mφ ∼ 1013 GeV, which is equal to
5× 10−6MP [59]. The Hubble constant during the field oscillations is given by mφφ0√6MP , where
φ0(t) here is the amplitude of the field oscillations, which decreases during the expansion of
the universe. The gravitino mass is given by m3/2 =
mφφ
2
4M2
P
.
Thus, at the end of inflation in this model, which occurs at φ ∼ MP , all parameters
determining the behaviour of the gravitino wavefunction are of the same order, µ ∼ mφ ∼
H ∼ m3/2. However, later the amplitude of φ decreases as φ0 ∼ 1.5MPmφt ∼
MP
4N
, where N is
the number of oscillations of the field φ after the end of inflation [60]. Thus already after a
single oscillation there emerges a hierarchy of scales, µ ∼ mφ ≫ H ≫ m3/2.
Since mφ = constant, after the first oscillation the parameter µ becomes nearly constant,
the parameters H and m3/2 become very small, and their contribution to the gravitino
production becomes strongly suppressed. As a result, the dominant contribution to the
gravitino production in this model occurs within the first oscillation of the scalar field after
the end of inflation. Each of the parameters µ, H and m3/2 at the end of inflation changes
by O(mφ) within the time O(m
−1
φ ). This means that (because of the uncertainty relation)
gravitinos of both helicities will be produced, they will have physical momenta k = O(mφ)
and their occupation numbers nk will be not much smaller than O(1). This leads to the
following conservative estimate of the number density of gravitinos produced: n3/2 ∼ 10−2m3φ.
Now let us assume for a moment that all the energy of the oscillating field φ transfers to
thermal energy ∼ T 4 within one oscillation of the field φ. This produces a gas with entropy
density s ∼ T 3 ∼
(
m2
φ
M2P
2
)3/4
. As a result, the ratio of n3/2 to the entropy density becomes
n3/2
s
∼ 10−2
(
mφ
MP
)3/2
∼ 10−10 . (10.6)
This violates the bound
n3/2
s
< 10−15 for the gravitino with m3/2 ∼ 102 GeV by about 5
orders of magnitude. Thus one may encounter the gravitino problem even if one neglects
their thermal production.
In this particular model one can overcome the gravitino problem if reheating and ther-
malization occur sufficiently late. Indeed, during the post-inflationary expansion the number
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density of gravitinos decreases as a−3. The energy density of the oscillating massive scalar
field ρ = m2φφ
2
0(t)/2 also decreases as a
−3. However, the entropy produced at the moment of
reheating is proportional to ρ3/4, so it depends on the scale factor at the moment of reheat-
ing as a−9/4. If reheating occurs late enough (which is necessary anyway to avoid thermal
production of gravitinos), the ratio
n3/2
s
∼ 10−10a−3/4 becomes smaller, and the gravitino
problem can be relaxed. For a more detailed numerical investigation of this model see [30].
However, this simple resolution is not possible in some other models. As an example,
consider the model with the superpotential W =
√
λφ3/3. Again, we will consider real
fields φ and switch to the minimally normalized field, φ→ φ/√2. The effective potential in
this theory at φ ≪ MP is λφ4/4. The oscillations of the scalar field near the minimum of
this potential are described by an elliptic cosine, φ(η) = φ0
a
cn(
√
λφ0,
1√
2
). The frequency of
oscillations is 0.8472
√
λφ0 and the initial amplitude φ0 ≃MP [60].
The parameter µ for this model is given by µ =
√
2λφ. It changes rapidly in the interval
between 0 and
√
2λφ0 within each oscillation of the inflaton field φ. Initially it is of the same
order as H and m3/2, but then H and m3/2 decrease rapidly compared with µ, and therefore
the oscillations of µ remain the main source of gravitino production. In this case production
of gravitinos with helicity 1
2
is much more efficient than that of helicity 3
2
.
The theory of the production of gravitinos with helicity 1
2
in this model is similar to
the theory of production of spin-1
2
fermions with mass
√
2λφ by the coherently oscillating
scalar field in the theory λφ4/4. This theory has been investigated in [58]. The result
can be formulated as follows. Even though the expression for Ω contains a small factor√
2λ, one cannot use the perturbation expansion in λ. This is because the frequency of the
background field oscillations is also proportional to
√
λ. Growth of fermionic modes (9.13)
occurs in the non-perturbative regime of parametric excitation. The modes are fully excited
with occupation numbers nk ≃ 12 within about ten oscillations of the field φ, and the width
of the parametric excitation of fermions in momentum space is about
√
λφ0. This leads to
the following estimate for the energy density of created gravitinos,
ρ3/2 ∼ (
√
λφ0)
4 ∼ λV (φ0) , (10.7)
and the number density of gravitinos
n3/2 ∼ λ3/4V 3/4(φ0) . (10.8)
Now let us suppose that at some later moment reheating occurs and the energy density
V (φ0) becomes transferred to the energy density of a hot gas of relativistic particles with
temperature T ∼ V 1/4. Then the total entropy of such particles will be s ∼ T 3 ∼ V 3/4, so
that
n3/2
s
∼ λ3/4 ∼ 10−10 . (10.9)
This result violates the cosmological constraints on the abundance of gravitinos with mass
∼ 102 GeV by 5 orders of magnitude. In this model the ratio n3/2
s
does not depend on
the time of thermalization, because both n3/2 and V
3/4(φ0) decrease as a
−3. To avoid this
problem one may, for example, change the shape of V (φ) at small φ, making it quadratic.
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These estimates have been obtained in [22]. A more detailed numerical investigation of
the models with quadratic and quartic effective potentials was performed in [30]. However,
even though these toy models correctly illustrate some basic features of the new mechanism
of gravitino production, they can be somewhat misleading.
First of all, the strongest constraint on the gravitino abundance n3/2/s < 10
−15 was
derived for realistic models with more than one chiral multiplet. More importantly, this
constraint was derived under the condition that at the end of the process the gravitino
mass becomes m3/2 = e
K/2WM−2P ∼ 102 GeV. Meanwhile in both models W = 0 in the
minimum of the effective potential, so that supersymmetry eventually becomes restored and
m3/2 vanishes.
In this case at the end of the process the super-Higgs mechanism does not work, and
instead of the massive gravitinos with spin 3
2
and helicity 1
2
we have chiral fermions with
spin 1
2
.
One could expect that this problem could be easily cured by adding small terms such
as ζφ + β to the superpotential. These terms could shift a position of the minimum of the
effective potential in such a way as to ensure supersymmetry breaking.
However, the situation is more complicated. All of our attempts to achieve this goal
by a small modification of the superpotentials φ2 and φ3 in the theories with one multiplet
have been unsuccessful so far, for a rather non-trivial reason. It was necessary to satisfy
two conditions: to have a vanishing vacuum energy density at the minimum of the effective
potential, and to have m3/2 ∼ 102 GeV there. In certain cases it was possible to achieve
these two conditions for real φ, but the true minima of the effective potential in such cases
appeared at imaginary φ. The effective potential in these minima was large and negative:
V ∼ −M2Pm23/2 ∼ −10−32M4P , which may seem small, but, in fact, it is 90 orders of magnitude
greater than the observable value of the vacuum energy, ρvac ∼ 10−122M4P .
One can see the problem especially clearly using the theory W = 1
2
mφφ
2 with mφ ∼
1013 GeV as an example. Suppose one can add some small corrections to this superpotential
that will shift the position of the minimum and ensure that the energy density vanishes
at this minimum and m3/2 ∼ 102 GeV. In the original minimum Wφφ = mφ. We suppose
that the corrections are indeed small, so that they do not appreciably change Wφφ at φ ≪
MP . Therefore, neglecting higher-order corrections in M
−1
P , which is always possible if the
additional terms are small, and keeping φ≪MP in the minimum of the effective potential,
one has µ ≈ mφ ≫ m3/2.
Equation (7.53) implies that if m3/2 becomes constant in the end of the process and if
|ρ| ≪ M2Pm23/2 in the minimum of the effective potential, then at the moment when the
energy density of the oscillations becomes smaller than M2Pm
2
3/2, the matrix Aˆ becomes
constant, Aˆ = −1 [22]. This could be possible only if µ rapidly changes its sign during each
oscillation, which could imply the existence of an additional stage of strong non-adiabaticity
at the very end of reheating [32]. However, this is impossible because µ ≈ mφ = constant in
our model. Thus the condition that the absolute value of energy density in the minimum of
the effective potential is much smaller than M2Pm
2
3/2 cannot be satisfied in our model with
any minor modifications of the superpotential W = 1
2
mφφ
2.
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Figure 2: Effective potential in the Polo´nyi model, W = ζ(φ+2−√3), as a function of Reφ.
This does not mean, of course, that one cannot construct any consistent cosmological
models of one chiral field with a simple superpotential. The simplest example is provided
by the Polo´nyi model, with W = ζ(φ+ 2 −√3), see, e.g., [11]. To find m3/2 ∼ 102 GeV in
this model one should take ζ ∼ 5×10−17M2P . The minimum of the effective potential in this
model occurs at φ = MP (
√
3 − 1). The vacuum energy density in the minimum vanishes,
V = 0, but this happens only because the minimum occurs at φ ∼ MP , where one cannot
neglect corrections suppressed by M−1P .
The effective potential of the Polo´nyi model (for real φ) is shown in figure 2. It is very
flat at small positive φ, but becomes extremely curved at large |φ| due to the Ka¨hler term
eK = exp(φ2/M2P ). As a result, the Polo´nyi potential rapidly approaches M
4
P at large |φ|,
and the corresponding parameter µ approaches MP . If the oscillations of the field φ begin
from the point when the effective potential approaches M4P , the parameter µ changes by
O(MP ) during each oscillation, which takes time O(M
−1
P ). This leads to extremely efficient
gravitino production, and these gravitinos remain massive, with m3/2 ∼ 102 GeV, at the end
of the process.
One may wonder, whether one can obtain a complete scenario, including inflation and
gravitino production, in the context of a simple model of one chiral field. Usually those
who study inflation in supergravity consider only the high-energy scale of inflation and
neglect details of the effective potential required to give the gravitino small mass m3/2 ∼
102 GeV. Even this programme is extremely complicated, and having both inflation and
supersymmetry breaking in a model of a single chiral field is even more difficult.
However, thanks to the functional freedom in the choice of W (φ), this problem is not
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Figure 3: Effective potential in the theory W = ζ(φ+2−√3)+C1(φ+C2)(1− tanh(C3(φ+
C2))) as a function of Reφ.
unsolvable. One of the possible tricks is to keep the superpotential equal to ζ(φ + 2 −√3)
near the minimum of the effective potential at φ = MP (
√
3 − 1), and use the functional
freedom in the choice of W to modify the effective potential far away from its minimum.
To give an example of such a potential, let us consider W = ζ(φ + 2 − √3) + C1(φ +
C2)(1 − tanh(C3(φ + C2))). The first part of W is the Polo´nyi superpotential. The second
part is chosen in such a way as to become exponentially small at the minimum of the Polo´nyi
potential at φ = MP (
√
3− 1), and to rise sharply at φ < −C2. Figure 3 shows the effective
potential in this model for real φ, for C1 = 10
−10, C2 = 1 and C3 = 30. As we see, the
potential has a plateau at φ ∼ −1.05. By a slight change of the parameters one can change
the height and the length of this plateau. This suggests a possibility of an inflationary
regime, which ends when the field φ falls from the plateau, rapidly oscillates and produces
the gravitino. A complete investigation of this possibility is beyond the scope of this paper.
We would like to point out, however, that the dynamical behaviour of the field φ in such
models can be amazingly rich. To understand it, it is sufficient to take a look at the effective
potential of this model in the complex plane (see figure 4). In other models of a similar type,
where instead of tanh(C3(φ + C2)) one uses, for example, tanh(C3(φ + C2)
n), the effective
potential looks even more interesting and complicated.
The main goal of presenting these models was to demonstrate that with a proper choice
of the superpotential one can obtain a broad variety of potentials, even in the theories
with a single chiral multiplet with a minimal Ka¨hler potential. In particular, one can have
models with such potentials where in the early universe one has efficient gravitino production,
whereas at the end of the process one has m3/2 ∼ 102 GeV, and a nearly vanishing vacuum
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Figure 4: Effective potential in the theory W = ζ(φ+2−√3)+C1(φ+C2)(1− tanh(C3(φ+
C2))) as a function of Reφ and Imφ.
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energy density V ∼ 10−29 g cm−3, consistent with the observational data.
Before one becomes too excited, one should remember that near the minimum of the
effective potential all these models look like the simple Polo´nyi model withW = ζ(φ+2−√3).
This is good, because the vacuum energy in the minimum of the effective potential in this
model vanishes, butm3/2 does not, so we definitely have production of gravitinos with helicity
1
2
in this model. However, it is also bad, because the gravitino production in the Polo´nyi
model only exacerbates the moduli problem [61] which exists in this theory. The energy
density stored in the oscillating Polo´nyi field φ typically leads to a much greater conflict
with the observational data than the decay of gravitinos produced during the oscillations
of the field φ. Note, however, that the physical origin of the gravitino problem differs from
that of the moduli problem, so, in general, the problem of gravitinos produced after inflation
may appear even in the models where the moduli problem can be solved.
10.3 Theories with two chiral multiplets
To examine more realistic models of gravitino production, one should consider theories with
more than one chiral multiplet. Here the situation becomes even more complicated. It
was extremely difficult to derive equations for the gravitino in such models. Solving them
presents an even greater challenge and requires more effort. In this paper we will only give
several comments on this subject.
First of all, one may try, whenever possible, to reduce the problem involving two chiral
multiplets to the theory of one multiplet. We have shown in section 9.5 that this can be
done in some cases when one of the scalar fields has a much greater energy density than all
the other fields.
However, in other cases this method may not work. For example, the simplest supersym-
metric version of the hybrid inflation scenario studied in [33] has a very interesting property.
After the end of inflation, two scalar fields fall down to the minimum of the effective potential
simultaneously and oscillate synchronously, as a single field. For this reason it was assumed
in [33] that one can use (9.3) to study the gravitino production, just as in the theory with
one chiral multiplet. However, according to [33], ∆2 = 1 − |Aˆ|2 can be O(1) in this model.
However, in this case the second equation in the system of equations (9.20) derived in our
paper implies that Υ 6= 0. Therefore, instead of solving (9.3) one should solve the system
of two equations (9.20). This is a much more complicated problem; it was not addressed in
[33].
Even more importantly, the existence of gravitino production in the very early universe
is not a guarantee of their survival until the late stages of the evolution of the universe. This
issue requires a special investigation, and the answer may be model-dependent.
Indeed, suppose for a moment that the gravitino–goldstino correspondence is valid at
all stages of the process, and instead of solving equations for the gravitino in supergravity
one can solve equations for the chiral fermions χi in the underlying globally supersymmetric
theory. Then one may wonder whether the particles produced after inflation are gravitinos,
or usual chiral fermions, superpartners of the inflaton, which can be called an inflatino [36].
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As we have already mentioned, supersymmetry is always broken during the expansion
of the universe supported by the energy density of scalar fields. Suppose, however, that the
relatively small supersymmetry breaking remaining when the universe slows down involves
chiral fermions belonging to the hidden sector, such as the Polo´nyi field. Suppose also that
the inflaton field φ1 does not interact with the Polo´nyi field φ2 in the limit MP → ∞. As
an example of such a theory one may consider the theory with the superpotential W =
mφφ
2
1/2 + ζ(φ2 + 2−
√
3) or W =
√
λφ31/3 + ζ(φ2 + 2−
√
3).
Soon after inflation, the energy density is dominated by the energy of the inflaton field,
i.e. ρ ≈ ρ1 is many orders of magnitude greater than ρ2. In the expression for the effective
potential of the Polo´nyi field there is a term exp(φ22/M
2
P )|W1|2. This term at φ2 ≪ Mp
becomes (1 + φ22/M
2
P )ρ1 ≈ (ρ1 + 3φ22H2), which implies that the effective potential for the
Polo´nyi field in the early universe has a minimum at φ2 ≈ 0, and the mass squared of this
field is m22 ≈ 3H2. (Note that in order to go to the canonically normalized field one should
divide φ2 by
√
2.) Therefore, the field φ2 rapidly oscillates about φ2 = 0. The amplitude
of oscillations decreases as a−1, which eventually puts this field at the vicinity of the point
φ2 = 0, where it stays until H drops below O(m3/2). At that stage the Polo´nyi field starts
rolling towards the flat-space minimum of its potential at φ2 = MP (
√
3 − 1), and oscillates
about it. The energy density of this field decreases very slowly, which constitutes the essence
of the moduli problem as formulated in [62]. We will not consider this problem here, but one
should remember that in a realistic cosmological model based on supergravity this problem
should be taken into account and resolved.
The solution for the goldstino in this model in the limit MP →∞ is given by (9.38), so
that at the early stages, when ρ1 dominates, one has υ = ρ
1/2
1 e
γ0
∫
dt µ1(χ1 + χ
1). Therefore,
one can use the results of our previous investigation of the gravitino production [22, 27, 30]
to estimate the number of gravitinos produced at that stage.
However, eventually the energy density of the oscillating field φ1 drops down, and the
energy becomes dominated by the energy density of the oscillating Polo´nyi field. At that
stage one has υ = ρ
1/2
2 e
γ0
∫
dt µ2(χ2 + χ
2) (except for at that stage one should use a more
accurate expression because the effective potential of the Polo´nyi field cannot be correctly
described in the limit MP →∞).
Thus one may argue that the efficient production of the chiral fermions χ1, which can
be interpreted as the process of gravitino production at the first stage of the process, does
not imply anything about the density of gravitinos at the second stage: the gravitino must
first spit the chiral fermion χ1, and then eat the chiral fermion χ2, if there are any of them
around. However, in this model one does not expect efficient production of the fermions χ2
at the stage of the oscillations of the Polo´nyi field, so at the end of the process one will have
many fermions χ1 (inflatino) and practically no gravitinos with helicity
1
2
.
This argument is very interesting but insufficient to give a definite answer to the question
concerning the number of gravitinos at the last stages of the process. It is based on the
assumption that the fermions χi do not mix with each other, so that the fermions χ1 produced
at the first stage of the process cannot be converted into χ2. This assumption is justified
in the limit MP → ∞, but in this limit there is no expansion of the universe, the ratio
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ρ2/ρ1 is constant and the definition of the goldstino does not change in time. The transition
from the regime ρ1 ≫ ρ2 to the regime ρ2 ≫ ρ1 in the expanding universe takes time
O(H−1) ∼Mp/√ρ. This time interval becomes infinitely long in the limit Mp →∞.
Thus one may wonder whether some of the particles χ1 can convert to χ2 at the inter-
mediate stage of the process, when ρ1 ∼ ρ2 and the definition of the goldstino gradually
changes from ρ
1/2
1 e
γ0
∫
dt µ1(χ1+χ
1) to ρ
1/2
2 e
γ0
∫
dt µ2(χ2+χ
2). In order to study this question
one should go beyond the approximation MP → ∞, i.e. one cannot apply the gravitino–
goldstino equivalence theorem used in the argument given above.
One may try to approach this issue in a more direct and unambiguous way, using the
system of equations (9.20) for θ and Υ in the unitary gauge. This is a much more powerful
method. As we have emphasized, this method applies at all stages of the process, because the
only condition required for its validity, H2+m23/2 > 0, is always satisfied in the FRW universe.
It allows one to avoid using imprecise language based on the gravitino–goldstino equivalence
and the limit MP → ∞. Also, it allows us to formulate adequate initial conditions for the
gravitino equations at the end of inflation (see section 10.1).
In this formalism one could expect that the total number of massive gravitinos with
helicity 1
2
can be represented by some adiabatic invariant, so the gravitinos produced at
the first stage of the process cannot simply disappear because of the change of the regime
if this change is slow enough (adiabatic). Moreover, one could even expect that if this
change is not adiabatic, it may lead to an additional gravitino production similar to that
discussed in [32]. Consider, for example, the model with W = mφφ
2
1/2 + ζ(φ2 + 2 −
√
3)
with mφ ∼ 1013 GeV, as in the previous section. In this model, at the first stage of the
process one has µ1 ∼ mφ ∼ 1013 GeV. Then, within the time H−1 ∼ m−13/2 this parameter
drops down to O(m3/2) ∼ 102 GeV. The last stages of this process are non-adiabatic. An
estimate similar to that made in the previous section indicates the possibility of production
of gravitinos with n3/2 ∼ 10−2(mφm3/2)3/2. If one ignores for a moment the moduli problem
and assumes that the energy of the scalar field φ2 immediately transfers to thermal energy
as soon as it begins oscillating, one finds s ∼ (MPm3/2)3/2 and n3/2s ∼ 10−2
(
mφ
MP
)3/2
, as in
(10.6).
However, the situation is, in fact, more complicated, and the arguments based on adia-
baticity must be examined in a detailed way. They should be applicable at the time before
and after the change of the regime from ρ1 ≫ ρ2 to ρ1 ≪ ρ2, but they may not apply at the
transitional stage when the energy densities of the scalar fields φ1 and φ2 become compara-
ble. At that time the fields θ and Υ start mixing because of the term ~k2∆2θ in (9.44), so
at that intermediate epoch the number of gravitinos, generally speaking, is not conserved.
This resembles the neutrino oscillations, when the neutrino registered in the detector may
be different from the neutrino emitted by the Sun. Without performing a quantization of
the system of coupled fields θ and Υ and solving the corresponding equations in the time-
dependent background, one cannot tell whether the number of gravitinos becomes depleted
at the transitional stage, or, vice versa, the existence of this stage creates a new type of
non-adiabaticity which may enhance gravitino production.
We hope that the results of our investigation create a proper framework which may help
65
to address these questions.
10.4 Other mechanisms of gravitino production
There exist some other mechanisms of gravitino production, which we did not discuss in this
paper, and which can be particularly interesting in the context of hybrid inflation. We will
briefly describe them here.
These mechanisms are related to the possibility that the scalar fields are inhomogeneous,
or that other oscillating fields, such as vector fields, appear in the universe. We did not
consider this possibility in the main part of our paper because all fields become nearly
homogeneous during inflation, and vector fields become extremely small. However, in some
models inhomogeneous scalar fields and vector fields may rapidly appear soon after the end
of inflation.
The first mechanism is related to the formation of cosmic strings, which is a typical
property of the hybrid inflation scenario [56, 57]. These cosmic strings, associated with
the topologically stable configuration of the complex scalar fields zi, interact with the
gravitino field ψµ. Dynamics of the strings lead to emission of gravitinos. Indeed, the
generic gravitino master equation (6.21) is constructed with the long covariant derivative
Dµψν =
(
∂µ +
1
4
ωabµ (e)γab +
1
2
iABµ γ5
)
ψν − Γλµνψλ, which contains, in particular, a bosonic
part of the U(1) connection, ABµ . In the gauge that is not singular at W = 0, the form of
ABµ is given by equation (5.26), A
B
µ =
1
2
i [(∂iK)∂µzi − (∂iK)∂µzi] +M−2P W αµPα. Consider for
simplicity the minimal Ka¨hler potential K = zizi. Then in the long covariant derivative we
will have a term Jµ = zi∂µz
i − zi∂µzi, which does not vanish for the complex field configu-
ration around the string. Spacetime variations of the term Jµ(t, ~x) due to the motion and
excitations of the string will lead to the radiation of gravitinos by the string, similar to the
gravitational radiation from the cosmic strings.
However, the term Jµ(t, ~x) may appear in the gravitino equations even in the cases where
strings are not generated. For example, very strong spinodal (tachyonic) instability of scalar
field fluctuations at the ‘waterfall’ stage in the hybrid inflation results in a very rapid decay
of the homogeneous inflaton field into inhomogeneous classical scalar fields in the model. For
the inhomogeneous complex scalar fields we also have a non-vanishing term Jµ(t, ~x), which
leads to additional gravitino production.
In both cases the magnitude of Jµ(t, ~x) is proportional to the small quantity |φ|2M−4P ,
where |φ| is the typical amplitude of the scalar field. Therefore, the gravitino production in
this case can be studied using perturbation theory. The net gravitino abundance will depend
on the duration of the gravitino emission. One may think about gravitino production in this
case as resulting from collisions of classical waves of various scalar fields. One may also
consider gravitino production due to the collisions of non-thermalized particles produced
at the first stages of preheating. This and other mechanisms of gravitino production after
inflation deserve a separate investigation.
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11 Discussion
The initial goal of our investigation was rather limited. We wanted to study the gravitino
production by an oscillating scalar field at the end of inflation. However, soon we discovered
that the existing tools that we could use in our work were not quite adequate.
We have found that it is rather difficult to study the conformal properties of gravitinos
in the standard formulation of supergravity. This forced us to reformulate phenomenological
supergravity in a way revealing its hidden superconformal symmetry SU(2, 2|1). Until now,
the superconformal version of phenomenological supergravity was only used as a tool for
the derivation of phenomenological supergravity, We have found that this formulation has
several important advantages over the standard one.
The superconformal formulation of supergravity may simplify the investigation of the
processes in the early universe. Indeed, the FRW universe is conformally flat. Therefore,
by making appropriate redefinitions of the fields and the metric in a conformally invariant
theory, one can reduce the investigation of all processes in an expanding FRW universe to
an investigation of processes in Minkowski space. We did not use this method in our work,
but it may be extremely interesting and rewarding to study the standard issues of big-bang
cosmology from this new perspective.
For us it was important that the SU(2, 2|1) formulation of supergravity provides a flexible
framework unifying various formulations of N = 1 supergravity interacting with matter,
depending on the choice of the R-symmetry fixing. It explains the superconformal origin of
the Fayet–Iliopoulos terms. It also allows us to study the weak-coupling limit of supergravity,
MP → ∞, and to formulate the gravitino–goldstino equivalence theorem which is valid in
this limit. Indeed, it is not very simple to make sense out of this limit in the standard
versions of N = 1 supergravity unless one makes a certain field rescaling, which brings us
back to the original field variables of the underlying superconformal theory. This made it
possible to prove the equivalence theorem, which explains why gravitino production in the
early universe in some models is not suppressed in the limit of weak gravitational coupling,
MP →∞.
The superconformal formulation helped us to study the super-Higgs effect in cosmology
and to derive the equations for the gravitino interacting with any number of chiral and vector
multiplets in the gravitational background with varying scalar fields.
There are several other aspects related to the superconformal formulation which require
further study. One of them is the possible existence of strings associated with the lines
where the conformon field vanishes. Such objects could not appear in the usual N = 1
supergravity where MP is already fixed. Note that the conformon field does not have any
dynamical degrees of freedom associated with it; it can be set equal toMP everywhere where
it does not vanish. However, this does not include the string, where this field vanishes and
the vector field Aµ exists. It would be very interesting to study the question of whether
the strings which may appear in the SU(2, 2|1) formulation of supergravity may have any
interesting dynamics associated with them. In such a case one would have stringy excitations
as part of supergravity.
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Returning to the problem of gravitino production, we should note that the derivation of
the gravitino equations was only part of the problem; it is very difficult to find their solutions
in the cosmological background. We analysed them in some particular cases and studied
their properties, which can be helpful for a future investigation of gravitino production in
realistic models based on supergravity. The main conclusion is that due to the gravitino–
goldstino equivalence theorem, the production of gravitinos in the very early universe can
be as efficient as the production of ordinary spin-1
2
fermions, i.e. it is suppressed by small
coupling constants such as λ or g2, but not by the gravitational coupling.
Thus, despite naive expectations, gravitinos created by the oscillating scalar fields soon
after inflation may provide a contribution to the matter content of the universe as large as
that from the usual particles. This result can be quite important for our understanding of
the physical processes in the very early universe.
On the other hand, the definition of the gravitino (and goldstino) in the early universe
changes in time. Therefore, an additional investigation is required to check whether the
number of gravitinos produced soon after the end of inflation is conserved until the late
stages of the evolution of the universe, or they become converted to other, less harmful,
particles. The answer to this question may be model dependent. Many models based on
supergravity are plagued by the moduli problem, which is usually even more severe than
the problem of the gravitino created after inflation. During the last few years there have
been many attempts to solve the moduli problem. One of the possible solutions involves an
additional short stage of the late-time ‘thermal’ inflation [63]. If this mechanism solves the
moduli problem, it may solve the gravitino problem as well.
However, in some models the gravitino problem may be as severe or even more severe than
the moduli problem. For example, in the supersymmetric versions of the hybrid inflation
scenario all coupling constants are O(10−1). A full investigation of gravitino production in
such models have not been performed as yet, but preliminary estimates indicate that the
ratio n3/2/ns at the first stages of preheating can be as large as O(1) [22, 27, 30]. This may
lead to drastic cosmological consequences, unless the gravitinos created soon after inflation
become converted into less harmful particles at the stage when the energy density of the
inflaton field becomes sub-dominant and the definition of the gravitino changes. Therefore,
it is very important to study whether the gravitino conversion is actually possible. We hope
that this problem, as well as other issues related to the physical properties of the gravitinos
in the early universe, can be addressed using the formalism developed in our paper.
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A Notation
We mostly use the notation of [5], which agrees with [6]. However, rather than using the
index range µ = 1, 2, 3, 4, for curved indices we use µ = 1, 2, 3, 0, thus converting the metric
(+ + ++) in [5] into the familiar (+ + +−). In the same token, the Levi–Civita tensor
εabcd (with flat indices a = 1, 2, 3, 4) is taken to be imaginary. Indeed, we have ε0123 = i.
The normalization for γ5 = ε
0123γ0γ1γ2γ3 is chosen such that
1
2
εabcdγcd = −γ5γab. The
comparison with [5] is γ4 = −iγ0. Then γ0 is anti-Hermitian, while ~γ (where this denotes
the spacelike components) and γ5 are Hermitian. Furthermore, for antisymmetrization, we
use [ab] = 1
2
(ab− ba). An explicit realization of γ-matrices is
γ0 =
(
i1l2 0
0 −i1l2
)
; ~γ =
(
0 −i~σ
i~σ 0
)
; γ5 =
(
0 −1l2
−1l2 0
)
. (A.1)
We use also left and right projections
PL =
1
2
(1 + γ5) , PR =
1
2
(1− γ5) . (A.2)
The Majorana condition, defined by −iλ†γ0 = λTC, with C the charge conjugation γ0γ2 in
this representation, then amounts to
λ∗ =
(
0 −σ2
σ2 0
)
λ . (A.3)
The barred spinors are Majorana conjugates. For the chiral spinors, e.g. λL ≡ PLλ, not
being Majorana spinors, this implies
λ¯L ≡ (λL)TC = λ¯PL = −i(λR)†γ0 . (A.4)
For more detailed explanations, see, e.g., [50].
The Einstein tensor and energy–momentum tensor are
Rµν
ab = 2∂[µων]
ab + 2ω[µ
acων]c
b
Rµν = Rµρ
abeρae
b
ν , R = g
µνRµν
Gµν = e
−1 δ
δgµν
∫
d4x eR = Rµν − 12gµνR
Tµν = −e−1eaν
δ
δeµa
M−2P
∫
d4xL(m) , (A.5)
with L(m) the matter action, i.e. all but the graviton term. Due to invariance under Lorentz
rotations, Tµν is symmetric by use of field equations.
Complex conjugation by definition reverses the order of the spinors. The action of com-
plex conjugation on spinors is often complicated. A simpler equivalent procedure is taking
the charge conjugate. For pure bosonic numbers this is just complex conjugation. For ma-
trices in spinor space, we have γCµ = γµ and γ
C
5 = −γ5. For this operation we do not have to
interchange the spinors. Majorana spinors are invariant under this operation, but the chiral
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spinors change chirality. The same holds for the barred (Majorana conjugate) spinors. In
our notation for chiral multiplets, the operation thus interchanges upper with lower i indices,
but does not change gauge indices α. As a practical summary of the rules, see the following
equations:
XCI = X
I , Y C = Y ∗ , zCi = z
i , φCi = φ
i ,
γCµ = γµ , γ
C
5 = −γ5 , PCL = PR
ΩCI = Ω
I , χCi = χ
i , χ¯Ci = χ¯
i ,
λαC = λα , λαL
C = λαR , PαC = Pα . (A.6)
An example of these rules can be seen by obtaining the second line from the first line in
(7.11), where at the end one also checks the charge conjugation invariance of δλα due to the
charge conjugation invariance of iγ5. For more intrinsic definitions of the charge conjugation
operation, see [50].
B Conformal metric
We take a conformal metric, i.e.
eaµ = a(η)δ
a
µ , gµν = a
2(η)ηµν , (B.1)
where η = x0 is a time coordinate. However, to start with, we will still allow a to be a
general scalar function of spacetime. The connections are then (from now on, indices are
raised and lowered with flat metric ηµν)
ωabµ = 2δ
[a
µ ∂
b] ln a , Γρµν = 2δ
ρ
(ν∂µ) ln a− ηµν∂ρ ln a . (B.2)
The curvature is then
Rµνρσ = ηνν′
[
4δ
[µ
[σ∂ρ]∂
ν′] ln a+ 4δ
[µ
[ρ (∂
ν′] ln a)(∂σ] ln a)− 2δ[µ[ρ δν
′]
σ] (∂ ln a)
2
]
Rµν = 2∂µ∂ν ln a− 2(∂µ ln a)(∂ν ln a) + ηµν [ ln a+ 2(∂ ln a)2]
a2R = 6 ln a+ 6(∂ ln a)2
Gµν = 2∂µ∂ν ln a− 2(∂µ ln a)(∂ν ln a)− ηµν [2 ln a + (∂ ln a)2] . (B.3)
The Lorentz connection term in covariant derivatives on spinors is
+ 1
4
ωabµ γab = +
1
2
δaµγa
bδνb ∂ν ln a . (B.4)
Using these expressions we obtain useful equations for the covariant derivatives of the grav-
itino (in this appendix the Ka¨hler connections are omitted), for example,
a 6Dψµ ≡ 6∂ψµ + 12
(
6∂ ln a
)
ψµ + γµ(∂σ ln a)η
νσψν − γ · ψ∂µ ln a . (B.5)
Now we specify the case that a depends only on the time coordinate, which is called
η. It is, however, easy to express derivatives with respect to a time coordinate defined by
dt = a(η) dη. We thus introduce
a˙ ≡ ∂0a
a
, (B.6)
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and also the Hubble parameter
H =
a˙
a
=
∂0a
a2
. (B.7)
Then we have the following expressions for covariant derivatives where we use the notation
introduced at the beginning of section 7,
Dµχ = ∂µχ− 12γµ0a˙χ
a 6Dχ = 6∂χ+ 3
2
γ0a˙χ
Dµψµ = ∂µψµ − 2a−2a˙ψ0 + 12a−2a˙γ0~γ · ~ψ
a 6Dψµ = 6∂ψ˜µ − a˙
(
γµψ0 +
1
2
γ0ψµ + γ · ψδ0µ
)
. (B.8)
Furthermore, we now have
−M−2P ρ ≡ G00 = −3a−2(∂0 ln a)2 = −3H2
−M−2P p1l3 ≡ G = a−2 1l3
[
2∂20 ln a+ (∂0 ln a)
2
]
= 1l3(3H
2 + 2H˙) , (B.9)
where G denotes the 3× 3 part of Gµν in the spacelike directions.
The condition for a de Sitter metric is p = −ρ which implies that H is constant. We
then have
a−1 = H(C − η)
Rµν
ρσ = 2δ[ρµ δ
σ]
ν H
2
R = −12H2 = −4VM−2P
Gµν = −14gµνR = gµνVM−2P , (B.10)
where C is also a constant, and we also gave the expression in terms of the constant value
of the potential V .
C Ka¨hler geometry from the conformal formulation
In this section we make the transition from the scalar action in terms of NIJ to a Ka¨hlerian
action21. The proof that we present here can also be applied to the N = 2 theory as to
N = 1.
Theorem.
We consider the action
L = −NIJDµXIDµXJ (C.1)
in terms of n+1 complex scalars XI (where XI are their complex conjugates). In (C.1) the
covariant derivatives have a U(1) connection, and we write them as
DµXI = ∂µXI + 13 iAµXI , DµXI = ∂µXI − 13 iAµXI . (C.2)
21An earlier treatment in terms of special coordinates, that already contains many of the steps which we
perform in this section can be found in [51].
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The functions NIJ depend on XI and XI , and satisfy
XI
∂
∂XK
NIJ = XK ∂
∂XK
NIJ = 0 , (C.3)
and their complex conjugates. Note that here we took NIJ as the basic object, rather than
as the second derivative of a scalar N . If it is the second derivative, as in the main text,
then the two equations are equivalent.
One can choose n complex coordinates zi (and complex conjugates z
i) by defining
XI = Y xI(z) , X
I = Y ∗xI(z∗) , (C.4)
where xI(z) are n + 1 non-degenerate
22 arbitrary holomorphic functions of the zi, and Y is
the (n + 1)th complex variable. The action can then be written as
L = −1
4
N−1 (∂µN )2 − 1
9
N
(
Aµ +
i
2
(
∂iK ∂µzi − ∂iK ∂µzi
)
− 3i
2
∂µ ln
Y
Y ∗
)2
+
1
3
N
(
∂j∂iK
)
∂µz
i ∂µzj , (C.5)
where
N ≡ XINIJXJ
K(z, z∗) ≡ −3 ln
[
−1
3
xI(z∗)NIJ(z, z∗)xJ(z)
]
. (C.6)
This scalar function N coincides with the one that we started with in the main text.
Interpretation.
The metric defines a cone (using r2 = −N one obtains the canonical parametrization
ds2 = dr2 + r2 . . .). When U(1) is not gauged (Aµ = 0), the base of the cone (the manifold
with fixed N ) is a Sasakian manifold with a U(1) invariance23. Here we gauge U(1), which
implies that the auxiliary field Aµ can be redefined such that the second term of the first line
of (C.5) is pure auxiliary and can also be deleted. Then one is left with a Ka¨hler manifold
with the Ka¨hler potential K. We are interested in the Ka¨hlerian action for n independent
complex scalars zi on the submanifold of the (n + 1)-complex-dimensional manifold defined
by a constant value of N . This is a real condition, but the U(1) invariance implies that
another real variable disappears.
Application.
In practice, the fields may have a further gauge-connection. In that case the ∂µ which
we write here, can be replaced by a suitably covariant derivative.
In N = 1, the matrix NIJ emerges from the superconformal tensor calculus as the second
derivative of a scalar function N , and (C.3) is the last equation of (3.5). In N = 2 this
22The matrix ∂ixI has to be of rank n and the matrix (xI , ∂
ixI) has to be of rank n+ 1.
23This has been remarked first in a similar situation with hypermultiplets in N = 2 in [52], and has been
looked at systematically in [53].
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treatment is appropriate in all cases where a prepotential F (X) exists24. The matrix NIJ
is the imaginary part of the second derivative of the holomorphic prepotential, whose third
derivative satisfies XKFIJK = 0 [16]. Note that the notation which we adapt here is not the
usual one for that case, but identifying further NIJ with −2i(FIJ − F ∗IJ), our formulation is
also applicable to N = 2 as to N = 1.
We will adopt the dilatational gauge-fixing condition
N = −3M2P . (C.7)
Its normalization is chosen appropriately for N = 1. For N = 2 the normalization changes
due to contributions of a second compensating multiplet to the eR term in the action [55].
Construction.
We first combine the terms which include the auxiliary field Aµ. Writing the action (C.1)
as L(Aµ), we have
L(Aµ) = −19N (Aµ − A˜µ)2 + L(A˜µ)
A˜µ ≡ 3i
2N
[
XINIJ(∂µXJ)− (∂µXI)NIJXJ
]
. (C.8)
With the coordinates as in (C.4), the last part of (C.3) implies that NIJ depends only
on zi and zi, and not on Y . The first condition (C.3) can be used to obtain
∂iK = −3x
INIJ∂ixJ
xKNKLxL
A˜µ = − i
2
(
∂iK ∂µzi − ∂iK ∂µzi
)
+
3i
2
∂µ ln
Y
Y ∗
. (C.9)
The definitions (C.6) imply
ln(−N ) = −1
3
K + ln(3Y Y ∗) (C.10)
and using D˜µ for (C.2) with A replaced by A˜, we have
D˜µXI = Y ∂µziDixI + 12XI∂µ lnN , DixI ≡
[
∂i + 1
3
(∂iK)
]
xI . (C.11)
Plugging this in the Lagrangian one obtains
L = −1
4
N−1 (∂µN )2 − 19N
(
Aµ − A˜µ
)2 − Y Y ∗NIJDixI DjxJ ∂µzi ∂µzj . (C.12)
The last term already has the Ka¨hler form, and by using (C.10) and the fact that the
conditions (C.3) also imply, for example,
∂j∂i
(
xINIJxJ
)
=
(
∂ix
I
)
NIJ
(
∂jxJ
)
, (C.13)
24When the prepotential does not exist [54], the model is dual to one where the prepotential does exist
[18], although that does not guarantee equivalence for the classical action.
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one can check that the Ka¨hler potential is indeed K. This finally leads to (C.5).
When one uses the gauge-fixing (C.7) and eliminates the auxiliary field Aµ, we obtain
the Ka¨hler action
L = −M2P
(
∂j∂iK
)
∂µz
i ∂µzj . (C.14)
Positivity.
Note that there are positivity conditions restricting the domain of the scalars, and the
form of the matrix N . First of all in order that the gauge condition (C.7) can be satisfied,
xINIJxJ < 0 , (C.15)
and thus NIJ(z, z∗) should have at least one negative eigenvalue for all values of the scalars
in the domain.
On the other hand, to have positive kinetic energy of the physical scalars, one has to
impose positivity of
∂j∂iK ∝ −N (∂ixINIJ∂jxJ) + (∂ixINIKxK) (xLNLJ∂jxJ ) . (C.16)
For this one needs the non-triviality condition that the matrix ∂iXI has to be of rank n.
Ka¨hler transformations and connections.
In the gauge (5.24), the Ka¨hler connection for a quantity depending on z (and/or z∗)
depends on the chiral weight of the corresponding quantity in the conformal approach.
Consider an arbitrary function V(X,X∗). As it is a function of X , it does not transform
under the original Ka¨hler transformation. Suppose now that V has (Weyl,chiral) weight
(w, c). We can write it as V(X,X∗) = Y w+(Y ∗)w−V (z, z∗) where w± = 12w ∓ 32c. Then the
resulting Ka¨hler transformation of V (z, z∗), taking into account (5.27), is
V ′(z, z∗) = V (z, z∗) exp
[
−1
3
(w+ΛY + w−Λ∗Y )
]
. (C.17)
The covariant derivative of this quantity is
DiV = ∂iV + 1
3
w+ (∂
iK) V , (C.18)
and has the same weight under the Ka¨hler transformations as V in (C.17). It satisfies
(∂IV)DixI = Y w+−1(Y ∗)w−DiV . (C.19)
The Ka¨hler covariant derivatives also have Christoffel connections and the covariant quan-
tities are related to those in the superconformal formulation by the following formulae25:
DiDjxI ≡ ∂iDjxI + 13
(
∂iK
)
DjxI − Γijk DkxI
25Note that although we argued here for the definition of the covariant derivatives by using the U(1) gauge
(5.24), this gauge has not been used, and these formulae are independent of the U(1) gauge. In the text
they have been used before the choice of gauge.
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= −YN−1IJNJKL(DixK)(DjxL)
DiDjW ≡ ∂iDjW +
(
∂iK
)
DjW − Γijk DkW
= Y −1M3PWIJ(DixI)(DjxJ) + Y −2M3PWIDiDjxI
M2P
(
Rijkℓ − 23g(ik gj)ℓ
)
= −Y Y ∗(DℓxL)NLI∂kDiDjxI
=
(
N IJKL −NMKLN−1MNN IJN
)
(DℓxL)(DkxK)(DixI)(DjxJ)(Y Y ∗)2 . (C.20)
D Calculation of µ
We consider here the case with real scalars, and minimal Ka¨hler potential K =M−2P φφ∗ for
1 chiral multiplet, such that |A|2 = 1. The definition of µ amounts to
µ = 1
2
iAA˙∗ = − A˙1
2A2
=
1
2α2
(α˙2α1 − α˙1α2) . (D.1)
With the real scalar φ1 we have
m = eK/2|W | , m˙ = (D1m)φ˙ ≡ m1φ˙
m˙1 =
(
D1D1m+M−2P m
)
φ˙ =
(
m11 +m3/2
)
φ˙ . (D.2)
Note the appearance of the m term in the last equation due to the derivative on φ∗ in DW ,
or in other words, due to the Ka¨hler curvature, which is 1, implying non-commutativity of
holomorphic and antiholomorphic derivatives.
The expressions in section 7 lead to
α = φ˙2 +m21 , α1 = φ˙
2 −m21 , α2 = 2m1φ˙ , (D.3)
and from this, the equation α2 − α21 = α22 is obvious. Then
µ =
−φ¨m1 +
(
m11 +m3/2
)
φ˙2
φ˙2 +m21
. (D.4)
The φ field equation (7.8) reduces to
φ¨ = −3 a˙
a
φ˙−m1
(
−2m3/2 +m11
)
, (D.5)
and we obtain
µ =
(
m11 +m3/2
)
+ 3(Hφ˙−m3/2m1) m1
φ˙2 +m21
, (D.6)
the expression that we gave in [22]. For large MP , and thus small m3/2 = mM
−2
P , and small
Hubble constant, this reduces to µ = m11 = ∂
2
φW .
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